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Abstract

The “Cournot merger paradox” states that, in a symmetric Cournot game, all the gains from
a merger between two firms are captured by non-merging rivals in the same industry. We
extend the model to allow for common ownership, and show that there are two conflicting
effects on the incentive to merge arising from higher common ownership. A direct effect of
internalizing positive spillovers from the merger to rivals increases the incentive to merge,

and an indirect one through the profit.
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Consider a Cournot oligopoly game with N identical firms, linear inverse demand P =

a — bQ, and zero costs. If the firms are separately owned, the first-order condition for firm n is
a—2bg, —bg_, =0, (1)

where g, is the quantity produced by firm n and g_, is the quantity produced by the other
firms. This game has a unique equilibrium, with each firm producing ¢* = (N + 1)~! and
total quantity Q* = 4N(N + 1) ! and price P* = a(N + 1)~ !. The equilibrium level of profits
per firm is 7*(N) = %(N—I— 1)72.

Suppose that a merger between two firms creates no synergies. The merger is value-increasing

for the owners if and only if 7*(N —1) > 27*(N), i.e,,
N? < 2N +1. 2)

This condition only holds if N = 2, that is, a merger to monopoly, but not for any N > 2.
This result is known in the industrial organization literature as the Cournot merger paradox

(Salant et al., 1983):

Proposition 1 (Cournot Merger Paradox — Salant, Switzer and Reynolds, 1983). In the absence of
synergies, the combined value of the acquiring and target firms falls after a merger, except in the case of

a merger to monopoly.

Intuitively, the reason is that the two merging firms lose market share after they become one
tirm relative to the market share of both of them separately — except in the case of a merger to
monopoly. The non-merging rivals, on the other hand, gain market share and, therefore, they
benefit more from the merger than the two merging firms. In the symmetric Cournot case the
negative market share effect is so large that, in the absence of positive synergies, the owners of
the merging firms are actually worse off after the merger.

Consider instead the case in which some shareholders have common ownership. In partic-
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ular, consider a situation in which firm i has a set of shareholders of measure one. The number
of shares is normalized to one. A subset of shareholders, with mass 1 — A, hold one share —
since the group has mass 1 — A, in total they hold 1 — A shares of firm i. The rest of the shares
are held by a mass A of shareholders that hold one share in each firm in the industry — since
the group has mass A, in total they hold A shares in each firm. Assume also that each firm
maximizes a weighted average of shareholder profits, with control proportional to ownership.
In this example, proportional control means that each shareholder gets equal control, implying
that as a group the common owners have a share A of control at firm i, and as a group the
separate owners have a share 1 — A of control.

In this case, firm i puts a weight A on the profits of other firms relative to its own profits (this
is often referred to in the literature as the Edgeworth sympathy coefficient). The equilibrium
level of profits per firm with N firms in this case is

7£W:J§N*Ha++ﬁ4, 3)
where H = N~ ![1+ (N —1)A] is the modified Herfindahl-Hirschman index (MHHI). The

level of total industry profits with N firms is
industr a® 2
Tty y:?HG+HY. (4)

Consider now a potential acquisition of firm 1 by firm 2 for a negotiated acquisition price b.
We assume that the acquisition brings an exogenous synergy s > 0 that accrues to the acquiring
firm if the acquisition happens.

We start by extending the result of Proposition 1 characterizing the change in the profits
of the merging firms and of the industry in the absence of synergies, to the case of common

ownership, that is, A>0:

Proposition 2. Suppose N > 2. Then, under common ownership (0 < A < 1), and in the absence



of synergies, a merger between two firms implies: (i) a decline in the combined value of the acquiring
and target firms, (ii) an increase in the combined value of the non-merging firms, (iii) an increase in the

combined value of the industry (except in the case of A = 1, where the value of the industry is constant).
Proof. See Appendix Al. O

Corollary 1. The return that the common owners obtain from their acquirer and target holdings is

negative, but their overall portfolio return (including non-merging rivals) is positive.

We next explore how the change in shareholders” incentives under the common ownership
case may impact firms” decision to engage in a merger. The calculation of shareholder incen-
tives is more complicated relative to the separate ownership case. Let’s consider, in turn, the
value for each type of shareholder if the acquisition goes through (their inside option) and if
the acquisition does not go through (their outside option).

First, consider the shareholders of firm n that don’t have ownership in the other firms. The
value of their outside option V;? is equal to the profits of firm 1 when there are N firms in the

market:

VP = afi™. (5)

The value of their inside option V{ on the other hand is simply the payment they receive by

selling their shares to the owners of firm 2 if the firm is bought:

Now consider the shareholders of firm 2 that don’t have ownership in the other firms. Just
like for the owners of firm 1 that don’t have common ownership, the value of their outside

option V§ is equal to the profits of firm 2 when there are N firms in the market:
Vo = mfi™. )

The value of their inside option Vzl is the value of the profits of firm 2 when there are N — 1
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firms in the market, minus the payment they made to acquire firm 1, plus the value of the

synergy:
Vi =™ —b+s, (8)

where H' is the MHHI with N — 1 firms, given by H' = (N —1)71 [1 + (N — 2)A].
Consider now the shareholders with common ownership, which hold one share in each firm
in the industry. The value of their outside option V is equal to the total profits of the industry

when there are N firms:

VCO _ Nn]}:;rm _ ﬂiNndustry. (9)

The value of their inside option V{ is equal to the total profits in the industry when there are
N — 1 firms, plus the value of the synergy, minus the payment firm 2 makes to firm 1 for the
acquisition (which they pay because they are shareholders of firm 2), plus the payment firm 2
makes to firm 1 for the acquisition (which they receive because they are shareholders of firm 1).
The last two terms obviously cancel out, so their inside option value is simply the joint profits
with N — 1 firms:

Vé = (N - 1)7‘[%1"1 +s= niNmiulStry + . (10)

Since the common shareholders have shares in all firms in the industry, they profit from
the merger. The separate shareholders of the target and the acquiring firms jointly lose from
the merger. A proposed merger therefore creates a conflict between the common and separate
shareholders of the merging firms.

Mergers are negotiated by the management of the two firms, and each manager needs to
balance the heterogeneous interests of her shareholders. Under the standard assumption that
the manager of each firm maximizes a weighted average of shareholder utilities, we can con-

struct aggregate inside and outside option values for each firm, which we denote as v}, v}, v?,



O.
and vy

0 = AVE + (1= A)VP = A (1 — \ymf™ (11)
09 = AVE + (1= A)VE = Al (1 — \ymf™ (12)
of = AVE+ (1= V] = A [0 5] + (1= A)b (13)
oh = AVE+ (1= MV = A5 (1= ) |77 = ) +s. (14)

A Nash bargaining solution in which two firms merge exists if there is a payment b such
that the inside value is greater than the outside value for both the acquiring and the target firm.
The condition for the merger to be accepted by the target is that the share-weighted-average of
overall portfolio value of the target’s shareholders is greater with the merger than without it,

ie., vl >of:

)\ X .
b > m [_Anzndustry . S] + ﬂﬁrm, (15)
where Asritdustry — niNmiuftry — rtiNnduStry > 0 is the change in industry profits induced by the

acquisition.

Similarly, the condition for the merger to be accepted by the acquirer is that v} > v9:

b < A Aﬂindustry+7.[fi7m nfirm_i_ 5

“1-A N1 0N Ty (16)

Thus, a merger can occur if and only if the right hand side of equation 15 (i.e., the minimum
payment required by the target firm) is smaller than the right hand side of equation 16 (i.e.,
the maximum payment that the acquirer is willing to offer). In this case there is a payment
b such that both the objective function of the target and the acquirer would increase with the

acquisition. We summarize this analysis in the following proposition:

Proposition 3. A Nash bargaining solution in which two firms in the industry agree to merge exists if



and only if the synerqy is greater than a threshold s:

1-A A

>3 — _ Agr"ersing _ o An.industry. 17
=TT 1T+A 17)
where Arr™ersing — 7'({\;7_"; — 27‘[1\;%.

The synergy threshold has two distinct components. The first one is the change in profits
for the merging firms. From Propositions 1 and 2 we know that the combined profits of the
merging firms is lower after the merger (or equal if A = 1). The second component is the
change in profits in the industry due to merger. Each term is weighted by a coefficient that
depends on the degree of overlapping ownership as captured by A

For the case of separate ownership when A = 0, all the weight is put in the first term and,
therefore, the synergy threshold is positive and equal to the loss in profits by the merging firms.
That is, separate owners require a positive synergy to support the merger.

For the case of common ownership, i.e. A > 0, the overall synergy threshold will depend
on the weight on the profits of the merging firms plus the weight on the profits of the industry.
As A increases and gets closer to 1, the coefficient weight shifts from the change in profits of
the merging firms to the profits from the industry. Since the total profits of the industry are
always higher after the merger, common owners would support the merger at a lower synergy
threshold. For this reason, the second term in Equation 17 can reduce the synergy threshold.

It is important to note that the effect of A on the synergy threshold is two-fold. It affects
the coefficient weights of the two components of the synergy (we call this the direct effect).
However, it also affects the change around the merger in both the profits of the merging firms
and the industry profits (we call this the indirect effect).

To understand the contribution of each effect, Figure 1 shows the synergy threshold as func-
tion of A for different values of N. When N = 2, the synergy required is lower than 0O for every

A, which is the case for merging to monopoly. When N > 2 but is also small, the combined

IThese two coefficients are not proper weights that add up to 1, but behave in a monotonic fashion: as lambda
increases the first coefficient decreases, while the second one increases.



value of the two firms after the merger drops significantly. If all shareholders are separate
owners (A = 0), they require a rather high synergy to compensate for the drop in the combined
value of the firms. However, as we increase the presence of common owners, the synergy re-
quired drops monotonically to zero because the drop in the combined value of the two firms
after the merger is compensated with the increase in value of the non-merging firms.

As we increase N, the effect of common ownership on the synergy threshold is less pro-
nounced, because the change in both profits of the merging firms and the industry due to the
merger become smaller. If N is very large (i.e. N = 50) then profits are small because the indus-
try is close to perfect competition, and therefore the synergy required to compensate owners of
the merging firms for their loss in profits is lower. We observe that, in this scenario, A has a a
very small effect on the synergy.

For low and mid levels of N common ownership has a strong impact on the level of syn-
ergy threshold because it changes the intensity of oligopolistic competition between the firms.
However, this effect becomes small when N increases as the industry becomes close to compet-
itive.”

Interestingly, for low levels of A we actually observe a hump-shape. Since A can affect both
the weights (direct effect) and the change in profits (indirect effect), when common ownership
is very low, an increase in A actually increases the synergy threshold because the indirect effect
on profits dominates the direct effect on weights. Figures 2 show the contribution of each effect
to the change in the synergy threshold for N equal to 3 and 10. In sum, this model shows
that the Cournot merger paradox is not solved with the presence of common ownership. When
N > 2 we do need a positive synergy for the merger, so the paradox is still there. However we
have shown that common ownership helps reduce the synergy required.

In summary, we illustrated how common ownership helps overcome the Cournot merger

aradox.®> While we illustrate the idea that common ownership of rival firms increases the
p P

ZNote that when A is 1 then the synergy threshold is zero across all N.
3Perry and Porter (1985) and Deneckere and Davidson (1985) show that mergers could be rational under some
conditions if firms are capacity-constrained or if they compete in prices with differentiated products



incentive to merge using the classic Cournot case, the same insight applies also to Bertrand
competition and also more generally, as long as some of the gains from the merger are internal-

ized by non-merging rival firms.
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Figure 1: Synergy Threshold Needed for a Nash Bargaining Solution. This figure shows
the minimum synergy needed for the existence of a Nash bargaining solution with agreement
to merge between two firms, as a function of common ownership (measured by A) and the
number of firms (N).
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Figure 2: Direct, Indirect, and Total Effects of A on Synergy Threshold. This figure shows
the change in the synergy threshold as a function of common ownership (measured by A) and
the number of firms (N). The Direct Effect is the partial derivative on the weights keeping
the change in profits constant. The Indirect Effect is the partial derivative on the change in
profits keeping the weights constant. The derivative of the synergy threshold with respect to A
(obtained by taking derivative with respect to A in the expression for 5 from equation 17) is:
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A Appendix

A1 Mathematical Appendix

PROOF OF PROPOSITION 2:
(i) The combined value of the two firms declines after the merger if and only if

N-1_ H'(1+H)?

2 .
N ~HO+H)?

(18)

We have already shown that this is true if A = 0, since in that case the expression simplifies to

N2 > 2N + 1, which holds for N = 2butnot N > 2. To show that it also holds for A > 0, we just

U 2
need to show that % is non-increasing in A. For this, we need to show that the increase in

H'/(1+ H’")?> when A increases is lower (not strictly) than the increase in H/ (1 + H)? when A

increases. Since H'/(1+ H’)? is the same as H/(1 + H)? evaluated at N — 1 instead of N, this

0’H/(14+H)?

is the same as showing that TIA(1/N)

is non-positive. We can show this to be true by taking
the derivative of the log of this expression, since the sign of the two derivatives has to be the

same. We start by taking the derivative with respect to A, and then we take the derivative with

respect to 1/N:
dlog [H/(1+ H)?] _1-1/N _1-1/N (19)
oA ~ H 1+H "~
d*log [H/(1+H)?)] —H-(1-1/N)(1-A) _,~(1+H) - (1-1/N)(1-A) 20)
0Ad(1/N) B H? (14 H)?

1 4

T TE T At HY? @)
2 _ 2

_4H (1+H) 22)

H2(1+ H)?

3H*—-2H—1
~ H2(1+H)? " 23)
The quadratic in the numerator has roots at H = —1/3 and H = 1, and therefore the expression
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is non-positive for all H € [0, 1]. Therefore, the inequality holds not just for A = 0 but also for
A > 0.

[Note that going from (A.3) to (A.4) we use that (1 —1/N)(1—-A) =1—-H.]

(iii) We need to show that H/(1 + H)? is non-decreasing in 1/N. To see this, we can take

the derivative of log [H/ (1 4+ H)?] with respect to 1/N:

dlog [H/(1+H)*’] 1-1/N _1-1/N

3(1/N) H 1+H Y
—~(-1N) |- o) 25)
=(1-1/N) % (26)
= (1-1/N) % > 0. (27)

The inequality is strict except in the case of A = 1.
(ii) This follows from (i) and (iii), since an increase in the value of the industry and a decline
in the value of the merging firms implies an increase in the value of the rest of the industry

firms. O
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