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Abstract

We study mediated many-to-many matching in dynamic two-sided markets in which agents’
private valuations for potential partners evolve stochastically over time, either as the result of
exogenous shocks, or as the result of experimentation. In many environments, the platform’s
profit-maximizing matching rule is either myopic or takes the form of a "virtual index rule"
capturing the current and future profitability of each link between agents, accounting for the
endogenous changes in the partners’ matching values. We show how the optimal matching rules
can be implemented via a sequence of scoring auctions. We contrast matching dynamics under
profit maximization with their counterparts under welfare maximization. When all agents benefit
from interacting with all other agents from the opposite side, profit maximization involves fewer
and shorter interactions. This conclusion, however, need not hold when certain agents dislike

certain interactions.
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1 Introduction

Most matching markets are intrinsically dynamic, due to the gradual resolution of uncertainty about
match values as well as to shocks that alter the desirability of the existing matching allocations.
The quality of the relationship between workers and employers matched by an employment agency,
between the advertisers and consumers matched by a media platform, or between a pair of firms
linked by a business-to-business platform are all likely to change over time either as the result of

exogenous shocks, or the gradual learning about the attractiveness of the individual interactions.
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Despite the intrinsic dynamic nature of many matching markets, the theoretical literature has
devoted relatively little attention to the study of such dynamics, taking a mostly static approach.
This paper takes a first step in the direction of extending the analysis to dynamic markets by
studying centralized many-to-many matching in an environment in which agents’ values for their
potential partners evolve (stochastically) over time. A key difficulty is that, while changes in agents’
values are often anticipated, they are not necessarily observed by the matching intermediary. As a
result, the intermediary must provide agents on each side of the market with the incentive to reveal
their information as it evolves over time.

We consider a general model, but with specific examples in mind. Consider a project-finance
consulting firm matching consortiums of firms seeking finance for a project with commercial banks.
Alternatively, consider a commercial lobbying firm, mediating interactions between policy-makers
and interest groups. Finally, consider a private medical tourism intermediary matching patients from
abroad seeking specialized treatments with local physicians providing such treatments. In all of these
examples, matching is typically many-to-many, with interactions mediated by a profit-maximizing
platform collecting payments from both sides of the market. In addition, matching is dynamic,
with agents’ valuations changing over time, either because of exogenous shocks (including the arrival
of exogenous information) or because of the information generated by previous experiences. In
response to these changes, agents may be matched with a different set of partners over time. Finally,
the matching services provided by the platform may be costly. In addition to time-varying match-
specific costs, the platform may face a capacity constraint restricting the number of interactions that
it may accommodate at each point in time. For instance, in the case of a private medical tourism
intermediary, a capacity is imposed by the medical facility the agency contracts with.

The analysis characterizes optimal mechanisms, maximizing either social welfare or the profits of
a private matching intermediary. It allows us to address the following questions: What is the effect
of private experimentation on matching dynamics? How do the dynamics under profit maximization
compare with their welfare-maximizing counterparts? How do the dynamics when the evolution of
match values are private compare to the case in which they are public? What are the effects on
matching dynamics of a binding capacity constraint on the number of interactions that the platform
can accommodate? What type of auctions permit the intermediary to sustain the desired matching
dynamics?

The basic ingredients of the model are the following. The payoff that each agent derives from each
other agent is governed by two components, a time-invariant vertical characteristic that is responsible
for the overall importance that the agent assigns to interacting with agents from the opposite side
of the market, and a vector of time-varying relation-specific values capturing the evolution of the
agent’s valuations for each potential partner. The latter values evolve stochastically over time and

may turn negative, reflecting the idea that agents may dislike interacting with certain agents from



the opposite side of the market.

We study both the case in which these relation-specific values evolve exogenously, as well as the
case in which they evolve endogenously as a function of previous interactions. The latter case is
meant to capture an experimentation environment in which agents gradually learn the attractiveness
of their partners via individual interactions.

Importantly, the agents’ interactions are mediated by a platform that may face a constraint on
the number of interactions it can accommodate. Depending on the market under consideration, this
may reflect time, resource, or facility constraints. We study the effect of such constraints on matching
dynamics.

The platform’s problem consists in designing a many-to-many matching mechanism specifying
how individual links and payments evolve over time as a function of the evolution of the agents’
match values. When the platform chooses to link a pair of agents, it internalizes both the current
and future payoffs that the pair of agents expect from the relationship, as well as all the externalities
that a specific match exerts on all other agents due to the capacity constraint. In particular, the
platform may find it optimal to cross-subsidize some of the interactions, for example by matching an
agent with a partner she dislikes if the latter partner’s current and/or expected future willingness to
pay for such a match is large enough.

In the first part of the paper, we consider an environment in which the evolution of the relation-
specific match values is observable, in which case the agents’ vertical characteristics are the only
source of informational asymmetry (recall that an agent’s vertical "type" is meant to capture the
value that the agent assigns to interacting with a generic agent from the opposite side, i.e., prior to
conditioning on the specific profiles of the agents from the opposite side that join the platform). Such
an environment is realistic in many circumstances. For example, an employment agency may be able
to observe the evolution of the quality of the match between a firm and a worker. Importantly, even
if the quality is not directly observed by the platform, the latter can always elicit such information
at no cost from the partners when such information is jointly observed by the worker and the firm
(for example using Cremer and Mc Lean-type of mechanisms). This environment also serves as a
useful benchmark for the more complex case in which the value that each agent derives from each
potential partner is the agent’s private information.

When the values evolve exogenously over time, the optimal matching rule is myopic: in each
period, it matches all agents whose joint virtual surplus is the highest, up to capacity, and excluding
those matches for which the joint virtual surplus is negative. A pair’s joint virtual surplus coincides
with the pair’s joint true surplus, adjusted by "handicaps" that control for the cost to the platform
of linking the agents, in terms of informational rents that must be left to the agents.

When, instead, the match values evolve endogenously over time as a result of the experimentation

in previous interactions, the optimal matching rule takes the form of a wvirtual index rule. In each



period, the platform matches all pairs of agents for which the joint virtual index is the highest, up
to capacity, and excluding those pairs for which the index is negative. As in other experimentation
environments, such indexes summarize both current and future expected profitability of each match,
taking into account the stochastic evolution of the agents’ joint values. For the case of a capacity-
constrained platform, in order to maintain tractability of the problem, we start by focusing on the
case in which a single pair can be matched at each period and later discuss a few special environments
for which the constraint can be extended to any arbitrary number of matches.!»?

The second part of the paper extends the analysis of optimal matching mechanisms to an envi-
ronment in which the evolution of the match values is the agents’ private information, that is, each
agent privately observes how the value he/she attaches to each partner evolves over time. There are
two key difficulties in this environment: (i) first, as is the case in other dynamic mechanism design
problems, one needs to control for multi-period deviations; (ii) second, the information that each
agent receives in each period is multi-dimensional, corresponding to the vector of values the agent
assigns to each potential partner. Notwithstanding these complications, we show that the platform
can obtain the same expected profits as in the environment with observable values. However, while,
on-path, the matching dynamics are the same regardless of whether the values are privately ob-
served, the mechanism that governs such dynamics is more complex under private information. The
mechanism we propose belongs to the family of dynamic "virtual pivot mechanisms" that have been
considered in recent years in the dynamic mechanism design literature. In each period, the agents
report to the intermediary both their vertical type as well as the collection of relation-specific match
values. The mechanism then implements an allocation that maximizes the discounted expected sum
of all current and future interactions, but where the joint surplus of each interaction is replaced by a
"weighted virtual surplus" that coincides with the virtual surplus in the benchmark with observable
shocks, but only on path.

At each period following the initial one, the payments are then determined by a pricing formula
similar to the one proposed by Bergemann and Valimaki (2010), but adapted to account for profit-
maximization. These prices are then augmented by a correction based on the initial period reports
whose role is to make the net present value of the expected payments from each agent coincide
with the one in the benchmark with observable values. Importantly, these payments induce truthful
reporting at each period both on and off path. In the environment with multidimensional types under
examination here, this is accomplished by having the agents report in each period each component

of their private information (as in Doepke and Townsend (2006) and, more recently, Kakade, Lobel

"When the process governing the evolution of the match values is exogenous, the results hold for any level of the

capacity constraint.
2The case where a single match is feasible in each period is the one typically considered in the literature on dynamic

assignment problems with stochastic arrivals. See, for example, Gershkov and Moldovau (2012), and Bloch and Cantala
(2014).



and Nazerzadeh (2013)), and then making their payoff coincide with their flow marginal contribution
to "weighted virtual surplus".

The properties of the profit-maximizing mechanism highlight the advantages of long-term con-
tractual relationships in the provision of matching services over time. Specifically, agents from both
sides of the market may be treated differently based on their initial private information, even when
their current and expected future preferences coincide. To illustrate this, we show that the optimal
matching rule can be implemented by means of a sequence of scoring auctions. In each period, agents
first select a membership level and pay the corresponding membership fee. They then bid for all
potential matches. The allocations and the corresponding payments are then determined by a scoring
rule where the score of each match depends only on (a) current joint bids, (b) current membership
status of each partner, (c) period-0 membership status, and (d) number of past interactions (in the
experimentation model). In each period, high membership status is more costly, but buys a higher
score and hence more favorable treatment.

The results also allow us to contrast matching dynamics under public (welfare-maximizing) and
private (profit-maximizing) provision of matching services. When agents assign a nonnegative value
to all interactions at every period, profit maximization results in fewer and shorter interactions.
Specifically, absent a capacity constraint, each pair of agents is matched for an inefficiently shorter
period of time. When the platform’s capacity constraint is binding, certain pairs of agents may
interact more under profit maximization than under welfare maximization. However, the aggregate
number of interactions in each period under profit maximization is always lower than under welfare
maximization. Interestingly, the above conclusion need not extend to markets in which certain agents
derive a negative payoff from interacting with other agents (equivalently, a payoff lower than their
outside option). In this case, profit maximization may result in an inefficiently large number of

matches, for any number of periods.

1.1 Related Literature (incomplete)

Centralized dynamic matching markets. Much of the recent literature on centralized dynamic
matching primarily focuses on markets without transfers in which agents are matched once, with
dynamics stemming from the arrival and possibly departure of agents to and from the market. In
the context of kidney exchange, Unver (2010) studies optimal mechanisms for two-way and multi-
way exchanges, minimizing total waiting costs, in a market with stochastic arrivals of donors and
recipients. Optimal dynamic matching in markets in which agents gradually arrive over time and
may be matched at most once is also the focus of Akbarpour, Li, and Oveis Gharan (2014), Anderson,
Ashlagi, Gamarnik, and Kanoria (2014), Baccara, Lee, and Yariv (2015) and Herbst and Schickner
(2015). A key tradeoff in such environements is between avoiding waiting costs and the benefit of

waiting for the market to thicken. A related strand of literature studies the assignment of objects



through waiting lists (see Bloch and Cantala 2014, Leshno 2014, and Schummer 2015 for recent
developments).3

The key difference with respect to this literature is that in the current paper agents may be
matched with different partners over time in response to changes in their valuations for one another.
In particular, dynamics stem from gradual changes in preferences rather than population dynamics.

Matching with transfers. The paper is also related to the literature on profit-maximization
in matching markets with private information and transfers. Damiano and Li (2007) and Johnson
(2013) consider a one-to-one matching intermediary that faces asymmetric information about the
agents’ vertical characteristics that determine match values. Board (2009) studies the design of
groups by a profit-maximizing platform (e.g., a school) that can induce agents to self-select into
mutually exclusive groups (e.g., classes). These papers derive conditions on primitives for a profit-
maximizing intermediary to induce positive assortative matching. In contrast to these papers, Gomes
and Pavan (2015) study many-to-many matching in a flexible setting where agents may differ in their
consumer value (willingness-to-pay) and input value (salience). The key difference with respect to
this body of research is that the present paper considers a dynamic environment in which match
values evolve either exogenously or endogenously over time.

Position and Scoring Auctions. In the context of procurement settings, scoring auctions
are often used to combine the offers of sellers for each of multiple dimensions (price and various
attributes). See, for example, Che (1993) and Asker and Cantillon (2008) for treatment of such
scoring auctions. Our implementation of the optimal match allocation using sequential scoring
auctions has a similar flavor in that multiple aspects are combined to determine the score assigned
to each potential match. Another related literature studies auctions for selling sponsored links. For
example, Varian (2007) and Edelman, Ostrovsky and Schwarz (2007) provide theoretical analysis
of the generalized second-price auction, variations of which are commonly used by search engines.*
Relative to this literature, we consider sequential auctions that take into account the evolution of
agents’ preferences and incentives over time, and on both sides of the market.

Experimentation and Bandits. The paper is also related to the literature on experimentation
in screening settings. In particular, the mechanisms proposed here can be seen as the analogs, in
a matching environments, of the bandit auctions of Pavan et al. (2014) and Kakade et al. (2013)

for the sale of an indivisible item. See also Bergemann and Valimaki (2006) for a survey on bandit

3While these papers focus on optimal matching in dynamic environments, a related literature explores appropriate
stability notions for dynamic environments. See, for example, Damiano and Lam (2005) and Kurino (2009), who focus
on markets with fixed population and matches changing over time. The main difference from the current work is the
focus on stability, rather than optimality. Doval (2015) develops a notion of stability for an environment in which

agents arrive over time and derives conditions for the existence of stable allocations.
*Other related works include Athey and Ellison (2011), Bérgers, Cox, Pesendorfer and Petricek (2013), and Gomes

(2014).



problems in economics.

Dynamic Mechanism Design. From a methodological standpoint, we draw from recent results
in the dynamic mechanism design literature. In particular, the necessary and sufficient conditions
for incentive compatibility in the present paper adapt to the environment under examination results
in Theorems 1 and 3 in Pavan, Segal, and Toikka (2014). That paper provides a general treatment
of incentive compatibility in dynamic settings. It extends previous work by Baron and Besanko
(1984), Besanko (1985), Courty and Li (2000), Battaglini (2005), Board (2007), Eso and Szentes
(2007, 2013), and Kapicka (2013), among others, by allowing for more general payoffs and stochastic
processes and by identifying the role of impulse responses as the key driving force for the dynamics
of optimal contracts. See Bergemann and Strack (2015) for a recent extension of the Myersonian
approach in Pavan et al. to continuous time and Borges (2015) and Bergemann and Pavan (2015)
for a discussion of the recent developments of the dynamic mechanism design literature. The agents’
private information in most of this work is exogenous. Instead, the evolution of the agents’ private
information is endogenous in the experimentation setting considered in this paper, as well as in the
bandit auction of Pavan et al. (2014), in the dynamic virtual pivot mechanism of Kakade et al.
(2013), and in the taxation model of Makris and Pavan (2015).

Particularly related is also the strand of the dynamic mechanism design literature that investigates
how to implement dynamically efficient allocations in settings in which the agents’ types change
over time, thus extending the Vickrey—Clarke-Groves (VCG) and d’Aspremont—Gérard-Varet (AGV)
results from static to dynamic settings (see, for example, Bergemann and Valimaki, 2010, Athey and
Segal, 2013, and the references therein).’

Two-sided markets. Markets where agents purchase access to other agents are the focus of
the literature on two-sided markets (see Rysman (2009) for a survey, and Weyl (2010), Bedre-Defolie
and Calvano (2013), and Lee (2013) for recent developments). This literature, however, restricts
attention to a single network or to mutually exclusive networks. In contrast, the present paper
allows for general matching rules and for more flexible payoff structures. In particular, it does not
restrict agents’ willingness to pay to coincide with their attractiveness. Most importantly, it focuses
on a dynamic environment in which match values change over time. Cabral (2011) also considers a

dynamic model with network effects but in which values are constant over time.

% Another stream of the dynamic mechanism design literature considers both efficient and profit-maximizing mech-
anisms in settings where the agents’ private information is static, but where interesting dynamics originate by agents
or objects arriving stochastically over time (see the recent monograph by Gershkov and Moldovanu, 2014, as well as

the overview by Bergemann and Said, 2012).



2 The Model

Agents, matches, and preferences

A platform mediates the interactions among agents from two sides of a market, A and B. There are
na € N agents on side A and np € N agents on side B, with Ng = {1,...,na} and Ng = {1,...,np}
denoting the corresponding sets of agents on the two sides. Time is discrete, indexed by t = 0, 1, ..., co.
Agents live for infinitely many periods and can change partners infinitely many times.

Below, we describe various features of the environment from the perspective of a generic agent
from side A. A similar description applies to side B.

The flow period-t utility that agent ¢ € N4 from side A derives from being matched to agent
j € Np from side B is given by

Uz‘A}'t(Q?a 5%3%) = 924 : 52’#

The parameter 0;-4 is time- and match-invariant and controls for the overall importance that agent
i assigns to interacting with agents from the opposite side of the market (that is, 9;-4 parametrizes
the value that agent i assigns to a generic agent from the opposite side, prior to conditioning on the
specific profile of the latter agent). The parameter af}t, instead, is match-specific and controls for
the attractiveness of agent j from side B in the eyes of agent i. These match-specific values evolve
over time, reflecting the change in the agents’ true (or perceived) attractiveness. They can either
represent the evolution of the agents’ beliefs about fixed, but unknown, match qualities, or variations
in attractiveness triggered by stochastic changes in the environment. For expositional convenience,
hereafter we refer to 9;4 as to the agent’s (vertical) type and to Efjt as to the agent’s period-t match
value for agent j. We maintain that types are the agents’ own private information. As for the match

values 4

ijt» we will consider both the case in which they are observed by the platform and the case

in which they are agent i’s private information (as anticipated in the Introduction, the results for

the case in which the sequence of sf}t is observed by the platform in turn coincide with those for
B

5

an environment in which each match-specific pair of values (5’4 it

it ) is observed jointly by agents i

and j, but not by the platform; the reason is that, in this latter case, (ef‘jt, Egt

) can be elicited from
agents ¢ and j at no cost for the platform).

Agent i’s type 07 is drawn from an absolutely continuous cumulative distribution function (cdf)
FA with density f{' strictly positive over 4 = [Qf‘,@?], with 6 > 0. Agents’ types are drawn
independently across agents and from the match-specific values, e. We denote by 77;4(0?) = (1-
FAOM)/ (02 the Mill’s ratio (i.e., the multiplicative inverse of the hazard rate) of agent i’s
type distribution. As is standard in mechanism design, we assume that the functions n(-) are
nonincreasing and refer to this property as "regularity". Furthermore, we assume that all virtual

types, defined as d)f‘(@f ) = 9;4 —77;4(924), are nonnegative. Importantly, note that while we restrict the



agents’ virtual types to be nonnegative, we allow the agents’ match-specific values afjt to be negative,
k = A, B, reflecting the possibility that an agent may derive a negative utility from interacting with
certain agents from the opposite side.%

For any ¢ > 1 and any pair of agents (¢,7) € Na x Np, let X;j; = {0,1}, and interpret z;;; = 1
as the decision to match agent i from side A to agent j from side B, in period ¢, and z;j; = 0 as the
decision to leave the two agents unmatched.”

Agents may be matched to more than a single agent from the opposite side. In each period t > 1,
the platform has the capacity to match any number m < M of pairs of agents from opposite sides,
independently of past matching allocations. Note that M is a constraint on the stock of existing
matches. In each period, the platform can delete some of the previously formed matches and create
new ones. We only impose that the total number of existing matches be smaller or equal to M in
all periods. We will consider both the case in which M is sufficiently large such that this capacity
constraint never binds (i.e., M > ny - np), as well as the case M < ny4 - np in which this constraint

may be binding.® The set of feasible period-t matches is therefore given by

Xi=<x € H Xijt: Z injtSM

(’i,j)ENAXNB iENAjENB

whereas the set of sequences of feasible matching allocations is denoted by X = [[72, X;.

All agents are expected-utility maximizers and maximize the expected discounted sum of their
flow payoffs using the common discount factor § € (0,1]. Let p; = (pﬁ,Pﬁ)ieNA,jeNB denote the
payments collected by the platform from the two sides of the market in period-t and p = (p¢)§2,
an entire sequence of payments. Note that, while the matching starts in period one, we allow the
platform to start collecting payments from the agents in period ¢t = 0, after the agents have observed
their types 6, but before they observe their values for specific partners. This assumption is motivated
by the idea that, in many applications of interest, agents learn the identities (or the profiles) of the
agents from the opposite side of the market who joined the platform only after "getting on board".
Also note that payments are allowed to be negative, reflecting the idea that the platform may want

to cross-subsidize certain interactions.

SUnder the assumed multiplicative structure uf‘jt =04 'siAjt, allowing the virtual values ¢ (6F) = 02 — n2(82) to
also take on negative values is not desirable, for it faciliates confusion, given that the match-specific shocks af}t are

already allowed to take on negative values.
"Note that implicit in this formalization is a reciprocity condition imposing that whenever agent i € N4 is matched

to agent j € Np, then agent j is matched to agent ¢ (see also Gomes and Pavan (2015) for the role played by a similar

condition in a static environment).
8Tt should also be clear from the analysis below that all our results extend to the case in which M changes over

time.



The Bernoulli payoff function for each agent ¢ € N4 from side A is given by

U 9 g, p Z(St Z $zgtu1jt Zétpzt

= JjENB
where 0 = (04, Qﬁ)ieNA,jeNB and € = (5%15)2;1\;;;;’;:]\,37%{1473}. The platform’s Bernoulli payoff func-

tion is the discounted sum of the payments collected from all agents,

Uo(0,¢,2,p) = Z(St Do D> ph- DY mici |

1EN 4 jGNB iEN 4 jGNB

where ¢;;; > 0 is the flow cost of matching the pair (4, j).

Evolution of match values

Agents’ flow utilities u#, from interacting with other agents are correlated over time, both through

gt
the fully persistent vertical component Gi and through the partially persistent match-specific value
efjt. In particular, we assume that these values evolve over time according to the following process.
For each pair (i,7) € N4 x Np, and each period t > 1, let Si?t C R denote the set of possible values
that agent ¢ from side A may derive from interacting with agent j from side B, in period t. The
t=1 :
)(z,g)eNAxNB,ke{A By In particular,
the period-1 values 5;31 are drawn from £4 ;1 according to the cdf GA

evolution of these values is governed by the kernels G = (Gf]t

ij1- In each subsequent period

t > 1, the period-t value sf}t is drawn from Ejt according to the cdf Gm( Gt | efjt 1, z'~1) where

Ez‘%t_l € S]t | is the match value in the preceding period and where 2'~1 = (z4)/Z} denotes the

entire sequence of previous interactions.

We will consider two environments, capturing different features of dynamic matching markets
with private information. The first environment is one in which the evolution of the match values is
exogenous to the platform’s decisions. In the second environment, the evolution of the match values

depends on past interactions, with properties reflecting (private) experimentation.

Exogenous processes. For all (i,7) € Ny x Np, t > 1 and E”t 1 € S]t 1> th( \ E”t 1 xt1) does

not depend on z!~1.

Experimentation model. For any (i,j) € Ny x Np, the following properties hold: (i) whenever

tfl)

xijt—1 = 1, the dependence of th( Gt | sijt_l, x on zt~1 is only through >2°_% ;4 (4i) whenever

R . t—1 . . A _ _A .
Ziji—1 =0, Gijt( | sijt_l,:r ) is a Dirac measure at Eijt = Eijt—1» 1€,

A
szt( ijt ’ Eijt—15T '™ ) 1{6

'L]t— zgt 1}

(ii1) there exists a sequence (wf‘js)g‘;l drawn from an exogenous distribution, such that, for any

number S;; of past interactions between agent ¢ from side A and agent j from side B, the period-t

A

match value €7}, is given by a deterministic function of (wi )f 1, uniformly over ¢.

zys
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The latter formulation, henceforth referred to as the experimentation model, captures the follow-
ing key properties: (1) agents’ values for potential partners change only as a result of experimentation.

That is, if x;5;—1 = 0, then E{}t = EiAjtq almost surely; (2) The processes governing the agents’ match

values are Markov time-homogeneous: if agents (i,j) € N4 X Np are matched in period ¢t — 1, then

the distribution of agent i’s period-t value for agent j, €7:,, depends only on agent i’s period- (t -1)

zgt’

value e

-1 and the number of times the two agents have been matched prior to period t, Z —1 Tijs-

The above formulation can capture, for example, an environment in which agents gradually learn

about their (unknown) true values for interacting with agents from the other side.

Example 1 (Gaussian learning) Suppose that every agent ¢ € N4 from side A has a constant

match values w . for being matched with agent j € Np from side B, which is unknown to the

A), where the variance Tfj‘. is common

knowledge but where the initial prior mean 5{}1 is the agent’s private information. Each si ;1 1s drawn

agent. Agent i Starts with a prior belief that wi. ~ N(ed i1 T

from a distribution G2,. Each time agent i is matched to agent j, agent i receives a conditionally

A A
Z]’ 7,]

formulae. Take Efjt to be agent i’s posterior about wi- in period t. Given 6$t 1

ijl°

ii.d. private signal? fA ~ N(w -) and updates his expectation of wA- using standard projection
if z;5:—1 = 1 then
G;‘J‘t( \ swt LTl 1) is the c.d.f. for the posterior expectation as a result of observing S20_1 ;s

signals. (]

As mentioned above, fixing z = (z)72,, the value that each agent i from side A derives from being
matched to any agent j from side B is independent of the value the same agent assigns to any other
agent from side B. This assumption facilitates the characterization of the optimal mechanism by
favoring an index representation of the optimal policy. The assumption that values (as well as types)
are independent across agents in turn guarantees that the platform cannot extract the entire surplus
from the agents using payments similar to those in Cremer and McLean (1988). Notwithstanding this
clarification, note that an agent’s match values may still depend on other agents’ private information

through the observable past matches x!~1.

Mechanisms, efficiency, and profit maximization

The evolution of the matches between the two sides is governed by the platform through a dynamic
matching mechanism, M =(x, ). The latter consists of a matching rule x = (x,);2, and a payment
rule ¥ = (¥,)2,, where the functions y, : © x £ — X; and 1, : © x &' — RNa+N8 map histories of
reports about types, 6, and match values ! = (5%s)§e:]i7;.;}teNB,ke{A,B} € &' into period-t allocations
and payments, respectively (in environments in which the match values are observable, the mechanism

naturally conditions on the observed values rather than the reported ones). We denote by X the set

9By this, we mean that each signal §f“, can be written as §A = wﬁ + gf} with the innovations gfj drawn from a

Normal distribution with mean 0 and variance o7}, independently from all other random variables.
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of feasible matching rules. Note that, while reporting and payments start in period zero, the actual
matching begins in period 1.

A matching rule y, combined with the distributions F' and the kernels G, k = A, B, defines
a stochastic process over © x £. We denote this process by A[x] and then denote by A[x]|#: the
process from the perspective of agent i from side A after the latter observes 9;4. To guarantee
that the expected payoff of each agent is well defined and satisfies a certain envelope formula (more
below), we assume that for all ¢ € Ny, there exists a constant KZA > 0 such that, for any x € X
BN | 57521 6 S ey leihel - X0, < K

Following Myerson (1986), we restrict attention to mechanisms that are on-path incentive com-
patible: in these mechanisms agents are asked to report their private information in each period and
find it optimal to report truthfully on the equilibrium path. That is, at any period ¢ > 0, conditional
on having reported truthfully in the past, each agent finds it optimal to continue reporting truthfully
in the continuation game that starts with period ¢, when all other agents are expected to report
truthfully in all periods.

A mechanism is said to be individually rational if each agent finds it optimal to participate in
the mechanism at period zero, again when all agents are expected to report truthfully in all periods.

A dynamic matching mechanism is profit-maximizing if it maximizes

_E)\X] Z(St Z¢ Z wjt 9 5 Z Z ngt 9 E CUt

€A JENB 1€Ny JENB

and is efficient if it maximizes

Z(St Z Z Xijt(97€t) z_]t(el ’ z]t) +u2]t(0] ’ Z]t) Cz‘jt) )

t=1 1€ENy JENB

among all mechanisms that are on-path incentive compatible and individually rational.

Remark. The above definitions of incentive compatibility and individual rationality require
that each agent (a) finds it optimal to report truthfully on-path, and (b) participate in period zero.
Below we show that the platform can, at no additional cost, guarantee stronger forms of incentive
compatibility and individual rationality, by which each agent finds it optimal to remain in the
mechanism and report truthfully at all histories, irrespective of the agent’s previous reports (that is,
even if she has lied in the past) and irrespective of the agent’s beliefs about other agents’ types and
past and current values (but provided the agent expects these latter agents to report truthfully in
the continuation games). Such stronger requirements are often referred to as exz-post periodic in the

dynamic mechanism design literature.
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3 Optimal mechanisms — observable match values

We start by considering an environment in which the platform observes the evolution of the match-
specific values. Alternatively, as mentioned above, the results in this section also apply to an
environment in which each pair of match-specific values (523‘1:751]75) is jointly observed by the pair
(i,j) € Ng x Np, but not by the platforms; in fact, in this latter case, the platform can always

induce the pair of agents to report truthfully (2 at no cost to the platform. Throughout the

zgt’ zgt)
analysis, we maintain the assumption that the vertical types 6 are the agents’ private information.

3.1 Incentive compatibility and average monotonicity

In this environment, the expected discounted payoff that type 9;4 € @f of agent i from side A

obtains from reporting 9 € 04, when all other agents report truthfully, is given by (here 0’:11- =

(07 ) ienaizi> (07 Viens)):

1)

A A = S A
UZA(H?, 9 E)\[XHH Z &' Z zthijt(ei ’ eézv 5t> - Z 6%/};%(92 ’ eéw e’Jj)

= JENB t=0

Incentive compatibility then requires that, for all i € Ny, all 9 c 04, UA(OA) > UA(9 0,

i Vs i Y
where UA(04) = UA(07; 641, while individually rationality requires that, for all i € Ny, all 2 € 2,
UZA(H,‘LA) > 0. Analogous conditions obviously apply to all agents from side B.

In static mechanism design, it is well known that incentive compatibility requires the allocation
rule to satisfy appropriate monotonicity conditions. Dynamic analogs of such conditions have been
discussed in the recent dynamic mechanism design literature (see, e.g., Pavan, Segal, and Toikka,
2014, for an overview). In the simple dynamic environment under consideration here, incentive
compatibility requires that, for each agent, the expected net present value of her future allocations,
discounted by the match-specific values, be nondecreasing in the period-0 type report. Formally, for

any matching rule y € X, any [ € Ny, k = A, B, let!’

BT 5721 6 Shen, ehuxan(8:€')| ik = A

Dy (073 x) = o ,
bIOF 525 o Sohen_, EruXn(0,€")| if k= B

(1)
denote the expected net present value of the agent’s future allocations, discounted by the agent’s
match values.

Definition 1 (average monotonicity) The matching rule x € X satisfies average monotonicity
if, for alll € Ny, k = A, B, the function Df(Gf; X) s nondecreasing in 49?.

0Note that the reason we distinguish between the case in which k& = A and the one in which k = B is that the order
in the subscripts of the allocations x;;,, as well as the order in the subscripts in the match-specific values sfj-t is not

permutable: the first index always refers to side A, while the second to side B.
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This condition is the analog of Pavan, Segal and Toikka (2014)’s average monotonicity in the

environment under examination here (note that the match-specific values 5;‘}75 coincide with Pavan,
A
ijt =

difference, though, is that here each agent’s future type uf} = (uf}t) jens is multi-dimensional). We

Segal, and Toikka’s "impulse responses" of future types u OZA . 5231 to the initial type, 924; one

then have the following result.

Lemma 1 (necessary and sufficient conditions for IC) Suppose that match values are ob-
servable. (1) Let M = (x,v) be an incentive-compatible matching mechanism. Then (a) x sat-
isfies average monotonicity and (b) v satisfies the following formula (aka envelope condition) for all
le N, k=A,B,

00 ggv
B [Z 6twﬁ<e,et>] —0EDF(6f0 ~ UF@R) ~ [ DEi 0 @)

t=0 or
(2) Let x € X be a feasible matching rule satisfying average monotonicity and such that Df (Qf; xX) >0
for alll € Ny, k = A, B. Then there exists a payment rule 1 such that the mechanism M =(x, 1)
(a) is individually rational and incentive compatible and (b) gives zero surplus to the lowest type of

each agent (i.e., UF(0F) =0, alll € Ny, k= A, B).

The arguments in the proof parallel those in static environments. Note that a stronger form of
monotonicity would require that the discounted sum of match values be monotone ex-post, that is,
for any given (,¢). However, as will be shown below, such a stronger notion of monotonicity (aka
ex-post monotonicity in the dynamic mechanism design literature) is not necessary for IC and fails
to hold under the optimal allocation rule, in many environments.

Also note that the payment rule in (2) implies that each agent’s period-0 payoff satisfies the
following condition: .

0
UFOr) = UF@) + [ D x)dy.

9

3.2 Optimal matching rules

The dynamic problem the platform faces thus consists in choosing which pairs of agents to link at
each period, as a function of the agents’ initial private information (the overall value they attach
to reaching the other side), and the evolution of the match-specific values. Below we introduce two
rules that will play an important role for the results.

For any pair of potential partners (i,j) € Nao x Np, given the reported types 6 and the period-¢

match values €;, denote the joint virtual surplus from matching ¢ and j in period ¢ by

Vije(0,e¢) = ¢%A(9%A)5£'t + ¢f(9?)55t — Cijt- (3)
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Now let Q:(6,e¢) denote the set of links for which the joint virtual surplus is non-negative and for

which there are at most M — 1 links with a strictly higher joint virtual surplus. Formally,

Qul0.2)) = (i,j) € Na x Ng s.t. (i) Vije(0,2¢) > 0 and
UL ) #4(m) € Na x Np : Vimg(0,20) > Vig(6e)y < M [

Definition 2 (myopic rule) Let x™ denote the "myopic” matching rule that links at each period
t > 1 the pairs with the highest nonnegative joint virtual surplus, subject to the platform’s capacity

constraint. Formally,
Xi(0,e) =1 = (i,)) € Qu(b, ).

Furthermore,

(4,7) € Qe(0,e1), #Qu(0,e1) < M, Viju(0,61) >0 = X%Lt(evgt) =L

In case Q;(0, ;) contains more than M links, x™ selects M links from Q¢(6,¢;) in any arbitrary
way.

Next consider the following forward-looking matching rule, which takes into account not only the
current, but also the future expected joint virtual surplus of matching any pair of agents. Specifically,
for each pair of agents (i,7) € Na x Np, define the period-t virtual index of the pair, given (6, &f, 2t=1)

as

— o Zt—1 Z;: 58—151/1,.5((9’53)
Yijt (ea €t,1‘t 1) = mTaxEA[X 162t { tZ;:t 5i—t ’

where 7 is a stopping time and where \[x°]|6, &, 2* is the probability distribution over © x £ that

t=1) and in all periods s > t only agents 4,j are matched.

obtains when one starts from (6, e, x
Importantly, note that, under the assumptions of the experimentation environment described above,
the virtual index corresponding to each pair (i,7) € N4 x Np depends on the "state of the system"
(0,e¢;2'1) only through (62, 9?, 824]-,85) and the total number of times '~} z;;s the two agents
interacted in the past. It is completely independent of the processes governing the evolution of the
other match values.

Now denote by Jy(0,e;, 27 1) the set of period-t matches for which the virtual index is non-

negative and for which there are at most M — 1 links with a strictly higher virtual index. Formally,

Ji(0, 60,21y = { (4,7) € Nax Np s.t. (i) v, (6,2, 271) > 0 and } |

(ii) # {(l,m) € Na X Np : Yime (0,5t,xt*1) > Yijt (H,Et,xtfl)} <M

Definition 3 (virtual index rule) Let x! denote the "virtual index" matching rule that links at

each period t > 1 the pairs with the highest nonnegative virtual index, subject to the platform’s

15



capacity constraint. Formally, x' is defined inductively as follows:

X{jt(eagt) =1 = (Z7]) € Jt(075taxltil(675til))'

Furthermore,

(17.7) € Jt(eygtaxlt_l(076t_l))7 #Jt(eygtaxjt_l<076t_l)) < M; 7ijt(975t7XIt_l(97€t_l)) >0

= Xiljt(&gt) =

The remainder of this section shows that the myopic matching rule ™ and virtual index rule !
are optimal in the exogenous process environment and the experimentation environment, respectively.

The results are summarized in Theorem 1 below.

Theorem 1 (optimal rules) Consider the environment with observable match values described
above.

(1) Suppose match values evolve exogenously and Df(Q;“;Xm) >0,alll € Ny, k= A,B. There
exists a payment rule Y™ such that the mechanism (x™,¢"™) is profit-maximizing.

(2) Suppose the environment satisfies the assumptions of the experimentation model defined above,
that le(Q;“;X[) >0, alll € Ng, k= A, B, and that either M > mna-np or M = 1. Then there exists

a payment rule Y! such that the mechanism (Xl,wl) s profit-maximizing.

The proof of Theorem 1 in the Appendix 1 proceeds in three steps. The first step uses the results

in Lemma 1 to express the platform’s expected profits in terms of dynamic virtual surplus

BN i(;t Z Z Vijt(9,6t)'Xijt(975t) (5)

t=0 i€N, jENB

where the latter parallels the expression for total surplus, but with the virtual types ¢f(0?) replacing
the true ones, 0;“. More specifically, Lemma 2 in the Appendix establishes that if a matching rule
x maximizes dynamic virtual surplus, gives the lowest type of each agent a sufficiently high gross
payoff, and satisfies average monotonicity, then there exists a payment rule ¢ such that the pair (, 1)
constitutes a profit-maximizing matching mechanism. The second step (Lemma 3 in the Appendix)
establishes that the myopic rule x™ and the virtual index rule x! maximize dynamic virtual surplus
in the two respective environments of Theorem 1. The the final step (Lemma 4 in the Appendix)
establishes that ¥ and x! satisfy average monotonicity.

Consider the experimentation environment described above, in which the match values evolve
endogenously as a function of past interactions. In this environment, the platform’s dynamic pro-
gramming problem of maximizing (5) cannot be solved pointwise. In particular, the platform’s

problem in this case defines a multiarmed bandit problem. This problem admits an index policy
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solution when either the capacity constraint is not binding or when the platform can match at most
one pair of agents at a time. When, instead, 1 < M < n4-np, in general, without further restrictions
on the environment, it is not guaranteed that an index rule maximizes dynamic virtual surplus. This
is because, in general, multiarmed bandit problems in which multiple arms can be activated simul-
taneously fail to admit a simple index solution. In Section 7 below we present an experimentation
environment in which the virtual index rule is optimal for all M € N. This environment, however,
requires discreteness of the indexes.

The following example describes a special case of the experimentation environment in which the
surplus generated by a match (randomly) decreases over time. In this case, the virtual index rule y’

coincides with the myopic rule x™.

Example 2 (deteriorating matches) Suppose that for all ¢t > 1, k = A, B, (i,j) € Na X Np,
5fjt 11 < efjt a.s. and c¢;ji41 > ¢t irrespective of the history. In this case, the virtual index Vijt for
each pair of agents coincides with the virtual surplus Vj;q, pathwise.!! Therefore, the virtual index
rule x! coincides with the myopic rule x™. For M > n4 -np or M = 1, the myopic rule is therefore

optimal in this experimentation environment.'? ([l

More generally, though, the allocations implemented under an index rule differ from those im-
plemented under a myopic rule, due to the value that the platform assigns to experimentation.
Interestingly, the platform’s value for experimentation need not coincide with the agents’ value and
this may call for distortions in the selection of the allocations. Notwithstanding this, when the rule
is sufficiently monotone, in the sense of the above definition, the platform can induce the agents to
report their initial types truthfully. In this respect, note that, when the matches are governed by a
myopic rule, match quality is monotone in the reported initial types not only on average, but also

ex-post, and period-by-period. That is, for every t > 1, 0 € ©, ¢ € £, for each agent [ € N4,

Z 5?%1‘, X (0, €")
hENE
is nondecreasing in the agent’s reported type 0;4 (an analogous condition holds for agents on side B).
As anticipated above, this latter property, however, need not hold under the virtual index rule.
This is because a higher reported type 9;4, by changing the virtual indexes of all of i’s potential
matches, may lead to reversals in the ordering of these indexes. Because the virtual index rule
is forward looking, such reversals, while optimal based on the period-t information, might not be
optimal ex-post. As a result, the monotonicity of an agent’s discounted sum of current and future

match values under y! need not hold ex-post. The following example illustrates.

"'This is because the optimal stopping time satisfies the property 7:;:(6, ¢, ' ™") = inf{s > ¢t | Vijs < Vije}- 1t is the
first time at which the process V;j; reaches a state in which the virtual index drops (weakly) below its initial value.
2For 1 < M < na - np, however, this property does not guarantee the optimality of x7.
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Example 3 (failure of ex-post monotonicity) Suppose that M =1, Ny = {i}, Ng = {j,5'},
A ~A
- ,0; € O/ and assume O and the distribution F/!

1071
~A ~A
are such that the virtual types corresponding to 84 and 64 satisfy ¢:2(6; ) = 0 and ¢(; ) = 1. On
side B, suppose that (9;3 = {9;3} and @ﬁ = {95} and that ¢>}9(9}9) = 0}3 =1 and d)f(@ﬁ) = 05 =0.
Consider the following processes of the agents’ match values. For all ¢t > 1, ef},t = 2. The value
Ef}t that ¢ assigns to j is, instead, equal to 0 in period ¢t = 1, whereas for all ¢t > 2, 5;‘}% = 523%—1 if
Ziji—1 = 0, while, if ;5,1 =1, 5{}15 is equal to 100 with probability 5 and -100 with probability 1 — 3,

and c;jt = ¢;54 = 0 all . Consider two types 6

for some 8 € (0,1). Furthermore, €2, = 1 all ¢, whereas the value 55% that j' assigns to ¢ does not

B
play any role in this example, so thej process for this value can be taken arbitrary.

In this example, the match between 7 and j' is a “safe” match, yielding a deterministic flow
virtual surplus V;j; = 0 for each ¢ > 1 when 07 = é? and V;j; = 2 when 07 = éZA The match
between ¢ and j yields a deterministic flow virtual surplus V;;; = 1 for all £ > 1 when 9;4 = 9;4
When, instead, 9;4 = 9;-4, this match yields V;;1 = 1 in period 1, and an expected flow virtual surplus
E[Vije] = 14 1008 + (1 — 8)(—100) at all + > 2. When 0 = é?, the virtual index rule x! matches
agents ¢ and j in all periods ¢ > 1. When, instead, 0;4 = é?, for 8 sufficiently small the virtual index
rule x! matches agent i with agent j/ in all periods t > 1. An increase in i’s report from é;A to é?
thus implies a change in 4’s partner from j to 7' at all periods t > 1.

Now consider a sequence of values & such that éf}t = 100 all ¢, whenever x;j;—1 = 1. Then, for all
d > 1/50, under &,

[e.e] o0

SA T (A A 4 SA T A pA 4
Z5t Z EmmXim (07 ,02,,8") < Z‘St Z EimXire (07 ,02,,8)
t=1 t=1

= reNpg = reNp

A A
which, since 6; < 6, , means that the virtual index rule x/ fails ex-post monotonicity.'3 O

4 Optimal mechanisms — private match values

We now turn to an environment in which only agent ¢ observes the evolution of his match-specific
values for agent j and likewise for agent j. That is, the match-specific values are the agents’ own
private information. As mentioned in the Introduction, since private information evolves over time,
the key difficulty is the need to control for multi-period contingent deviations. Nevertheless, we will
show that the platform can obtain the same expected profits as in the environment with observable
values examined in the previous section, using a matching mechanism that guarantees each agent’s
participation and truthful reporting even at histories for which she has misreported in the past, and
for any belief about other agents’ types and values.

The approach here is similar to that in Doepke and Townsend (2006) and in Kakade et al. (2013).

It consists in enlarging the message space in all periods ¢ > 1 so as to give the agents the possibility

13While, for simplicity, the example assumes discrete types, the result does not hinge on this property.
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to reveal their true types after possible lies in previous periods.'* Asking the agents to report again
their type 0;“ after period t = 0 is a convenient trick which allows us to control for the agents’
behavior off path. We use this in turn to establish the optimality of truthful reporting. As implied
by the Revelation Principle (see, e.g., Myerson (1986)), such re-reporting never expands the set of
implementable policies.

To differentiate the period-0 reported types from the types reported in subsequent periods, we
will denote the period-0 reported types by z € ©. For any pair of agents (i,j) € Ny x Np, any
period-0 profile of reported types z € O, any period-t (with ¢ > 1) profile of reported types 6; € ©,
and any period-t profile of reported match values ¢; € &, we then let

A A B(_B
~ (2 e
Vijt (2,01, 60) = <¢’ (AZ )> Qﬁeét + <¢’ Z(Bl )> Oﬁegt — Cijt

Z i

denote the weighted period-t virtual surplus from matching agents 7« and j. Note that such surplus
coincides with the virtual surplus defined in the previous section when the agents report truthfully,
in which case zZA =64 all t.

Next, consider an extended matching mechanism M = (¥, 121) in which the matching and payment
rules

X¢ ° 02 x & x X1 5 X, and 171,5 (0?2 xE x X RNa+Ns

are adjusted so that their arguments now contain the period-0 and period-¢ reported types (z,6;) €
©2, the period-t match values &; € &, and the history z?~1 € X*~! of past allocations. As it will
become clear below, conditioning on past allocations is a convenient way to express the functioning
of the mechanism off-path in the case of endogenous processes.

Paralleling the analysis in the previous section, let Y™ denote the matching rule that links at
each period t > 1 the pairs (i,j) € N4 x Np with highest nonnegative weighted period-t virtual

surplus f/ijt, subject to the platform’s capacity constraint. Formally, let

Q (Z 0 5)_ ('ivj)eNAXNB S.t. (1) Vijt(zaet,ft)Z()and
t ) t, t - .o ~ ~
(ii) # {(l,m) € Nao X Np : Vipe(2, 0, 60) > Viju(z, gt’gt)} <M

Definition 4 (weighted myopic rule) Let X™ denote the "weighted myopic" virtual matching

rule linking at each period t > 1 the pairs with the highest nonnegative weighted joint virtual surplus,

“That is, we let the message space of each agent [ € Na at each period t > 1 be equal to ©7' x HheNB &y, and

similarly for each agent h € Np.
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subject to the platform’s capacity constraint. That is,"

i?}t(zagtagt)xtil) =1 = (,Lv.]) € Qt(z70t7€t)'

Furthermore,

(27]) € Qt(z7 9t7£t)7 #Qt(zaet)et) S M; ‘th(z)gtugt) > 0= X?}t(z%gtagt)xtil) =1.

Next, for the experimentation environment, consider the following modified version of the virtual

index rule defined in the previous section. Let

[%°112,0t,e¢,2t 1 Z;—:t 5S_t‘~/ij8 (Z, 937 55)
Z;—:t 55—15

Yijt (2, 9t,€ta$t_1) = maxE*
4

denote the period-t weighted virtual index of the pair (i,j) € N4 x Np, where 7 continues to denote
a stopping time, and where A\[X°]|z, 0, ¢, 27! denotes the distribution over © x £ that one obtains
starting from (z, 60y, ¢, 2"~ 1) when all future reported types are expected to coincide with those
reported in period ¢t and when each agent is expected to be matched to all other agents from period

t onwards.'® As in the previous section, then denote by

o o B
Ji(z, 04, 6,270 = { (,7) € Na x Np s.t. (i) ij¢ (2,01, €0, 2" t)_z 0 and } |

(ii) # {(l,m) € Na X N : Yy (2, 00,60, 8" ) > 3354 (2,00 60,27 1) } < M
the set of pairs with the highest nonnegative weighted virtual index.

Definition 5 (weighted virtual index rule) Let x! denote the "weighted virtual index" rule that
links at each periodt > 1 the pairs with the highest nonnegative virtual index, subject to the platform’s

capacity constraint. That is,

X{jt(zaehetvmt_l) =1 = (27]) € jt(zaet,5t7$t_l)'

Furthermore, if #jt(z,ﬂt,st, 271 < M, then

(i,5) € Ji(z0ne0,a"Y), #0200, 60, 3" 1) < M, 335, (2,04, 60,27 1) > 0

~1 t—1
= Xijt(Z,et,Et,f ) = ].

5Note that it is only to maintain symmetry with with the weighted virtual index rule ¥’ defined below that we
include past allocations ="' in the arguments of the weighted myopic rule ™. Clearly, ¥™ does not condition on past

allocations.
6 Again, this rule need not be feasible when M < na -np. As in the previous section, what matters for the definition

of the indexes is only the probability distribution over the future virtual surplus of the pair of agents (i,7) € Na x Np

that one obtains when the two agents are matched in all subsequent periods.
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Now fix the period-0 reported types z € © and, for any t > 1, any (0;,¢;,2071) € © x & x Xt
and any rule ¥ € X, let A[X]|z,0;, e, 2'! denote the distribution over © x £2* that one obtains
starting from (z,60;,e,2'~1) when all future reported types are expected to coincide with those
reported in period ¢ (i.e., 05 = 0y, all s > t) and when allocations in all periods s > ¢ are determined

by the rule ¥.!” Then let

0o
o DOLLD DI D SN PN AR 6)
s=t i€N4 jENp
the expected weighted virtual surplus from period ¢ onwards with the weights ¢ (2f')/2f constructed
from the reports z.

Suppose that match values evolve exogenously. It is easy to see that the weighted myopic matching
rule Y™ maximizes the objective in (6) for all M € N. Similarly, the weighted virtual index rule %’
maximizes the objective in (6) for M > na x ng or M = 1. To see this, note that the objective in
(6) differs from that in (5) only in the time-invariant weights assigned to the matches.

Next note that, given any rule ¥, when all agents report truthfully in all periods, including
period zero (in which case zlk = Hft =0k alll € Ng, Hf € ©F, k= A, B, t > 0), then the ex-ante
expectation of (6), where the expectation is now also over the period-0 reports, coincides with the
ex-ante expectation of dynamic virtual surplus, as defined in (5). Lastly note that, when all agents
report truthfully in all periods, the allocations implemented under the weighted myopic rule Y™
coincide with those implemented under the rule x” and, likewise, the allocations under the weighted
virtual index rule ¥’ coincide with those under x?.

Now suppose the environment satisfies the assumptions of the experimentation model described
above. Following an approach similar to that in Bergemann and Valimaki (2010) and in Kakade
et al. (2013), for any profile z of period-0 reported types, we will construct payments &;0(2)
such that, when faced with the mechanism (5(1,72);0(2)), reporting truthfully (67, (e1t)nen_,) in
each period t > 1, all Il € N, k = A, B, irrespective of past reports, constitutes a periodic ex-
post equilibrium. Furthermore, remaining in the mechanism is also periodic ex-post optimal for all
agents. With this result in hand, we will then complete the construction of the payment scheme
{AI by adding payments @é(z) for period ¢ = 0 that, together with {p,;o(z), give, on path, to each
agent an expected payoff equal to the one in the previous section. We will then argue that, given the
complete mechanism (%7, {bI), with @I = (@7},{:0 (2), &éo(z)), all agents find it optimal to participate
and report truthfully also in period zero. Because the mechanism M = (x* ,1711) induces the same
matches and gives each agent the same ex-ante expected payoff as the mechanism M = (x/,%7) in

the benchmark environment with observable values, we will then conclude that M is optimal for the

'"In order to distinguish between matching rules in this environment with unobservable values and the enlarged
message space from matching rules in the previous environment with observable types, we denote matching rules in

this environment by ¥, and the set of all such feasible matches by X.
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platform and yields the same expected revenue as the optimal mechanism in the original environment
with observable shocks. Similar conclusions can be established for the environment with exogenous
processes.

Construction of the payment scheme {ﬁ[. For any t > 1, any (z, 0y, &, 2t 1), any rule ¥ € X,
let A[X] | 2,04, e, 2t denote the distribution over © x £2f x X2t that obtains under the rule ¥ when
all agents are expected to report truthfully in the continuation game that starts with period ¢, the
period-0 reports were equal to z, the true types are the ones reported in period t, i.e., 8¢, the true
period-t values are the one reported in period ¢, i.e., &, and the history of past allocations is 2!~1.18
Then let

Wt(Z, 0157 Et, xtil)

o0
- ) B . ) -
= maxEMNXIz.0t.e0,3° Zés t Z Z Vigs (2,05, €5) Xizs(2, 05, €5, 2° Hl, (7)
s=t

XeX i€EN4 jENE

denote the maximal expected weighted virtual surplus in the continuation game that starts in period
t with (z, 0y, e, 217 1).
Next, for any agent | € Ni from side k = A, B, any t > 1, let XLk denote the set of feasible

matching rules that never assign any partner to agent [. Then, let

1k _
w, ™" (z,ﬁt,st,xt 1)

o0

= max ES\[*”Z,H&&},Itil Z g5t Z Z f/z‘js (2,05, €5) Xijs(’% 0, cs, m5—1)
xex—hk s—t i€ENA jENE
denote the maximal expected weighted virtual surplus in the continuation game that starts with
(2,06, 2871), in the absence of agent [, i.e., when agent | € N}, from side k is not included in any
of the matches. Finally, let ¥ "% be any allocation rule that maximizes the weighed virtual surplus
in the absence of agent [.

As argued above, in the experimentation environment, when M > ny x ngp or M = 1, !

=Lk maximizes (6) over

maximizes (6) over the entire set of feasible matching rules X. Similarly, ¥
the restricted set X4,

Next, define the expected marginal contribution of agent [ € Ny with respect to (6) from period
t onwards by

_ _ 1k _
Rﬁ(zaehghxt I)ZWt(Z)gtughxt 1)_Wt ’ (Zuehgtuxt 1)'

"“Note that A[X] | z, 0+, e, /! differs from A[X] | 2,604, ¢, '~ in that it is a distribution also over current and future

matching allocations.
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Finally, define the period-t flow marginal contribution of agent [ from side k recursively by

k t—1 k t—1 Mx1|2,00.e0,2t | pk t
(2,0, 60,277 ) = R (2,0, 60,27 7) — OB [ llz.00.e0.w Ri 1(2,0i41, €041, 7") |

Note that rﬁ can be rewritten as

Tﬁ(z,é’t,st,aztfl) =
% ~ — ) ~I—lk —
= Z Z ‘/;jt (270157515) 'X'{jt(z79t7€t)mt 1) - Z Z ‘/th (279t7€t) Xijt7 (270t75tax 1)
€Ny JENB i€Ny JENB

o+ SEAezr ™ [y 2, 0y e, at) | — BP0z ™ [ BRG] (8)

Given any profile z € © of period-0 reports, we now construct a sequence of payments @Nbf>0 (z) that
makes each agent’s flow net utility in each period ¢ > 0 coincide with her flow marginal contribution
to the weighted virtual surplus. In particular, for each period ¢ > 1, the payment for each agent
1 € N4 from side A is given by

24 rﬁ(z,@t,at,xtfl)

~ AT t—1
wit (2701575157 Z eztguthgt 2,060, @ )_ : A/ A
jENg ¢l (zz )

and similarly for each agent j € Np from side B. These payments reflect the externality the agent

(9)

imposes in the current and future periods on others agents (from both sides of the market). This
externality is calculated with respect to the agents’ weighted utility. Note that the externality may
be positive or negative and therefore the payments may be positive or negative. For example, if an
agent is valued highly by the agents she is matched to, her payment may be negative (i.e., the agent
may receive a positive transfer from the platform — cross subsidization).

Finally, for period ¢ = 0, the payments {pfoj(z) are constructed so that, in expectation, if all
agents report truthfully in all periods, including period ¢ = 0, the expected net present value of
each agent’s payments is the same as under the virtual index mechanism for the environment with
observable match values. That is, given 171{>0(z), the payments {p%l(z) for each agent [ € N}, from
side k = A, B are such that

B g’ (2) + Y ' (2, 01,210 )
t=1

= E)‘[XI”Zl [Z 5t¢;€t’I(z7 Et)] : (10)
t=0

where all expectations are taken under the assumption that all agents are truthful at all periods,
including ¢t = 0. Note that the right hand side of (10) is given by the envelope condition of Lemma
1, computed for the virtual index rule x?.

As mentioned above, the payments @m for the case of exogenous match values can be constructed
in precisely the same manner as those for the rule x’.

By construction, the mechanisms (%/, 1}1) and (x™, @m) induce the same matching dynamics and

yield the same profits as their counterparts (x’, ) and (x™, ™) in the benchmark with observable
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match values. Because the platform is more constrained in the environment under examination than

in the benchmark with observable match values, we then have the following result:

Theorem 2 (private match values) Consider the environment in which match values are the
agents’ private information.

(1) Suppose match values evolve exogenously and that D;“(Qf;xm) >0,alll € Ni.,, k= A,B.
Then the matching mechanism (X, {bm) s profit-maximizing.

(2) Suppose the environment satisfies the assumptions of the experimentation model defined above,
that Df(Qf;XI) >0, alll € Ny, k= A, B, and that either M > na-npg or M = 1. Then the matching
mechanism (X! ,1}1) is profit-mazwimizing.

(8) Suppose the environment satisfies the conditions in part (1). Given (Y™, &m), in the contin-
uation game that starts with any period t > 1 and any arbitrary history, participating and reporting
truthfully in the current and all subsequent periods is a periodic ex-post equilibrium. The same

conclusions hold for the mechanism ()2[,{#[) under the conditions of part (2).*

In the Appendix, we establish the results by first showing that, at any period ¢t > 1, irrespective
of the history, an agent who expects all other agents to report truthfully at present and in future
periods finds it optimal to remain in the mechanism and also report truthfully at any period s > t,
irrespective of the agent’s beliefs about the other agents’ types and values. We then complete the
proof by showing that participating and reporting truthfully at period ¢ = 0 is also optimal for the

agent when he expects all other agents to report truthfully at all periods.

5 Sequential Scoring Auctions

We now discuss how the matching mechanisms described in the previous section can be implemented
via a sequence of scoring auctions in which agents repeatedly bid to be matched with potential
partners.

The structure of the sequential auctions is the following. In period ¢t = 0, agents select a mem-
bership level. A higher level grants higher status, which translates into more favorable treatment,
on average, in each of the subsequent auctions. Accordingly, high membership status comes with a
higher membership fee.

In each period t > 1, agents first renew their membership by choosing their status, and then
submit a bid for each of the agents on the opposite side. Each match is then assigned a "score"
based on current and past bids, as well as membership status. All pairs receiving the highest

non-negative scores are then matched, up to capacity. The computation of the scores and the

~ ~ 1
19At no cost to the platform, the payments wm and 7 can also be adjusted to guarantee that participating and

reporting truthfully in all periods is a periodic ex-post equilibrium not only from ¢ = 1 but also from period ¢t = 0.
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corresponding payments depend on the environment under examination. To facilitate the comparison
to the previous section, we denote the period-0 membership status by zlk , and the period-t status by
0%, 1€ Ny, t > 1.

Exogenous match values. (0) In period ¢ = 0, each agent [ € Ny, from each side k is asked to
select a membership level. The selection of the period-0 level zlk comes with a membership fee equal
to ¥ (2F), with the payment functions 1} defined as in (10).

At any subsequent period t > 1, the rules of the period-¢ scoring auction are the following.

(1) Each agent [ € Ny, is asked to re-select a period-t membership level, Gft, and to submit a bid
for each potential partner on the opposite side, bft = (bf]t)y;’f Note that agents’ bids reflect their
utility from interacting with each of the partners, uft, rather then their match values, 5{1.

(2) Each pair of agents (i, j) € N4 x Np is then assigned a score B;j; = /\;-A(zf)bf}t + )\f(zf)bgt —
ciji, where A\F(2F) = ¢F(2F)/2F, and the functions ¢f(zf) are defined as in the previous sections. The
pairs of agents (i,j) € N4 X Np with the highest nonnegative score are then matched, subject to the
platform’s capacity constraint. We denote the resulting matching rule by x.

(3) Payments are as follows. If 7 is not matched to any agent j € Np from the opposite side in
period t, he does not make any payments in this period. If, instead, ¢ is matched to some agents
from side B, his payment depends on the total number of matches he secures. Specifically, if ¢ is

matched to K > 1 agents from side B, he pays

(/A E) | Ba(K) + > (eije = AP (b5 | »
JENB
where Bﬁ(K ) is defined as the sum of the K highest non-negative scores among the pairs that are
unmatched in period ¢t and that do not include i. A similar structure applies to each side-B agent.

Note that an agent’s payments may be negative, reflecting the possibility of cross-subsidization.
Also note that, in this environment, the period-t scores and payments are not forward-looking, and
depend only on the period-0 membership choices and the period-t bids. Finally, note that, contrary
to standard Vickrey-type auctions, multiple agents may be charged for the same externality they
impose on other agents.

Experimentation model (M > n4 -np). Contrary to the case of exogenous match values,
with experimentation, the matching rule is forward-looking. As a result, in each period ¢ > 0, the
rules of the auction in parts (2) and (3) above are amended as follows.

(2) For each pair (i,j) € Nao x Np, the function B;j; is computed as in the case of exogenous
match values. Each pair (¢, 7) ’s score is now defined as the Gittins index computed using B;j; as in

Section 4.2° All pairs with nonnegative score are then matched.

20Note that calculating the indexes also requires knowledge of the agents’ match-specific values efjt, as well as the
number of times ¢ and j were matched in the past. The former can be recovered by dividing each bid bf}t by the

period-t membership choice 071. The same procedure permits to recover the side-B’s values.
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(3) Any agent i € N4 who is matched to any agent j € Np from side B is asked to pay
(1/22(2h) (cijt - Af(zf)bg»t)) for this match. Overall, each agent i’s period-t payment is thus
equal to

AL GE) | D2 (e = AP )b
JENB

Note that, in this environment, the period-t scores depend on the period-0 and period-t member-
ship choices, and the period-¢ bids (as well as information about the number of previous interactions).
The period-t payments, however, depend only on the period-0 membership choices and period-t bids.
More importantly, note that while the period-t scores are forward-looking in this environment, the
period-t payments are not.

Experimentation model (M = 1). In this case, both the matching and the payment rule are
forward looking. To reflect this, stages (2) and (3) of the period-¢ scoring auction are now amended
as follows.

(2) The score of each pair (i,7) € Ng x Np is defined as their Gittins index, computed exactly
as in the experimentation model with M > n4 - np. The pair of agents (i,5) € Ny x Np with the
highest nonnegative score is then matched.

(3) If agent ¢ € N4 is matched to an agent j € Np from side B, i is asked to pay an amount

(1/X (=) (Cz‘jt “ABCEPWE, 4 (1 - 5)Wt—z’,A> |

where W[i’A is as defined in the previous section. If agent 7 is not matched, he does not make any
payment. The payments of side-B agents are defined analogously.

Note that the period-t payments and scores in this environment depend on the period-0 and
period-t membership choices and the period-¢ bids (and the number of previous interactions). Fur-
thermore, in contrast to the case in which M > nj4 - np, payments are now also forward-looking,
reflecting the idea that an agent who is matched to another agent in period ¢ must compensate all
other agents (including those with whom he is matched) for the dynamic externality generated by
his period-t match.?!

We then have the following result.

Proposition 1 (sequence of scoring auction) The sequence of scoring auctions described above
admits an equilibrium in which all agents make truthful membership choices (i.e., zlkt = Hﬁ = 9;“,

[ € Ng, t > 1) and bid truthfully (i.e., bﬁ = uft, l € Ng, t > 1) in all periods. Such an equilibrium

21One might be tempted to consider an auction similar to the one for exogenous match vales, in which payments
are computed by simply replacing each static score with its index. However, such payments are larger than the ones
above, and consequently agents may have an incentive to shade their bids. Suppose, for example, that agent ¢ € Ny is
matched to some other agent in period t and that there is only one alternative match in which agent 7 is not part of,
whose index is v > 0. Then ~/(1 — &) > W, "4,
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implements the same match allocations and yields the same expected revenue as the optimal direct

mechanism in the previous section.??

To appreciate the role of the period-0 membership status in determining how focal an agent is in

the market, consider for example the case of exogenous match values. Note that higher membership
A

7

implies a higher weight A} (z') is placed on agent 4’s bids (due to the regularity assumption).

A
ijt

status z

> 0), the period-t score corresponding to the match

A A
ijt i

If ¢ favors agent 7 € Np in period t > 1 (e

(i,7) is increasing in z{*, while if i does not favor agent j (e

h < 0), this score is decreasing in z

A high zf‘ therefore favorably affects ¢’s allocation of interactions, both in terms of his competition
with other agents for matches, and within each of his matches, shifting the length of the interaction

to his benefit.

6 Welfare- vs profit-maximizing matching mechanisms

We now turn to the distortions created by the profit-maximizing provision of matching services
relative to its welfare-maximizing counterpart.

As in static mechanism design problems, the platform introduces distortions to the matching
allocation in order to reduce the agents’ expected information rents. It follows from the results
above that the welfare-maximizing matching rule has the same structure as the profit-maximizing
one, but with the true types, 9;“, replacing the virtual ones, qbf(@f) As a result, the profit maximizing
matching rule is distorted from the welfare maximizing one not only in the initial period, but in all
subsequent periods as well.

We then have the following result:?3

Theorem 3 (distortions — non-negative values) Suppose that, for all (i,j) € Na X Np, k =
A/B, andt > 1, Efjt C R.. The relationship between the profit-mazimizing matching rule x* and
its welfare-maximizing counterpart X"V in each of the environments considered in Theorem 1 above
satisfies the following properties:>*

(1) Suppose M > ny -np. For anyt > 1, (0,e') € © x &, (i,j) € Na x Np, Xf;t(Q,et) =1

implies X%(Q,Et) =1

*2When match values are exogenous, bidding truthfully is in fact a weakly dominant strategy at all periods ¢ > 1 (at

t = 0, the mechanism is IC, but bidding truthfully is not necessarily a weakly dominant strategy).
Z3For this result, we assume that, in each period, the profit maximizing rule uses all M matching slots, unless

there are strictly fewer than M pairs for which virtual surplus (in case of exogenous processes) or virtual index (in
the experimentation model) is nonnegative. The same qualification applies to the welfare-maximizing rule (replacing

virtual surplus with true surplus and virtual index with true index).
2 Note that the same results apply to the comparison between the rules ™ and %’ for the environment in which

match values are private information and the efficient rule x"". In fact, as shown in the previous section, ¥ and %’

induce the same on-path allocations as x™ and x! in the benchmark with observable match values.
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(2) For any t > 1, (0,¢') € © x &, Z(i,j)GNAXNB X%(Qaft) 2> Z(i,j)eNAXNB Xf;t(eﬁt)

When match values are nonnegative, in any of the environments considered above, the profit-
maximizing matching rule thus exhibits a form of downward distortions - the number of matches in
each period is inefficiently low relative to what is efficient. Furthermore, when the platform does
not face a binding capacity constraint, in each period ¢t > 1, the set of matches created under profit
maximization is a subset of those under welfare maximization. Furthermore, in the experimentation
model, when M > na - np, once a link between two agents is severed, it is never reactivated.
Therefore, matches are gradually broken over time both under profit and welfare maximization.

When, instead, M = 1, even if for each pair (i,7) € Na x Np, and any (0, e, 2'~1) the virtual
index is lower than its counterpart under profit maximization (which coincides with the standard
Gittins index), the ranking of the virtual indexes under profit maximization need not coincide with
the ranking under welfare maximization. As a result, in the experimentation model, certain partners
may interact for a longer period of time under profit maximization than under welfare maximization.
What remains true is that, if at a given point in time a welfare-maximizing platform finds it optimal
to shut down by leaving all agents unmatched, then a profit-maximizing platform that has not shut
matching down yet will also do it in the same period.

A natural question to ask is whether the results in Theorem 3 extend to the case of 1 < M <
n-np for the experimentation model.?> That is, if a planner (platform) were to follow the (virtual)
index rule in this case, would part (2) of Theorem 3 still hold? As the following example shows,
the answer to this question is no. That is, welfare-maximization does not necessarily involve more

activity than profit-maximization in each period. In fact, this is not even guaranteed intertemporally.

Example 4 (experimentation model with 1 < M < ny4 - ng) Suppose Ny = {1,2,3}, Ngp =
{1} and M = 2. Consider the following deterministic (given 6) processes of the surpluses and virtual

surpluses generated by each match, as a function of the number of previous interactions k:

25Theorem 3 addresses the case of 1 < M < na - np for exogenous values.
26Suppose that 03 = 04 = ©F = {1} and 64 ~ U2, 3], and consider a realization 7' = 2. The above processes can

then be generated by setting ci1: = c31¢ = 1, c21¢ = 0, siBlt =0,alli=1,2,3 all ¢t > 1, and match values for side-A

given by the table below (with k& denoting the number of previous interactions with agent 1 from side B):

k=0 1 2 k>3
ef(k) 4 0 0 0
e51(k) 4 2 2 2
e (k) 6 2 0 0
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Surplus k=0 1 2 k>3 Virtual surplus k=0 1 2 k>3
(1,1) 7 -1 -1 -1 (1,1) 3 -1 -1 -1
(2,1) 4 2 2 2 (2,1) 4 2 2 2
(3,1) 5 1 -1 -1 (3,1) 5 1 -1 -1

As in Example 2, since matches are deteriorating, the (virtual) indexes coincide with the (vir-
tual) surpluses, and hence the (virtual) index rule simply matches the two pairs of agents gen-
erating the highest nonnegative (virtual) surplus.?” That is, a planner matches in period 1 the
pairs {(1,1),(3,1)}, in period 2 the pairs {(2,1),(3,1)}, and {(2,1)} thereafter. Similarly, a profit-
maximizing platform matches in period 1 the pairs {(2,1), (3,1)}, in period 2 the pairs {(1,1), (2,1)},
in period 3 the pairs {(2,1),(3,1)} again, and {(2,1)} thereafter.

Thus, at ¢t = 3, the number of interactions under profit-maximization is strictly greater than that
under welfare-maximization. In fact, for all T > 1, the total number of interactions up to period T

is always greater under profit-maximization.?® O

Interestingly, when values are allowed to be negative, the conclusions in Theorem 3 need not hold.
The platform may find it optimal to distort in the opposite direction. This is because, when values
are negative, a pair’s virtual surplus may be larger than its true surplus. As a result, there may exist
periods, or even entire continuations, in which more matches are created under profit-maximization

than under welfare-maximization. The following example illustrates.

Example 5 (negative values and upward distortions) Let Ny = Np = {1}, M = 1, and
c11¢ = 0 all £ > 1. Assume that «9‘14 ~ U[L,2], ©F = {1}, and that at each period ¢ > 1, regardless
of previous matches or realizations, 5?11 =1 and 5‘141t is equal to either 2 or -2, with equal proba-
bility. Consider the realizations of true types 65 = 87 = 1, for which ¢71(87!) = 0 and ¥P(9;) = 1,

and the sequence of realizations ef}, = —2 for all ¢+ > 1. Then, for all t > 1, x}},(0,e") = 0 but
(0, = 1. O

The above results are consistent with what is discussed in Pavan, Segal and Toikka (2014). That
paper shows that, when the agents’ private information in each period is unidimensional, the key
force responsible for the dynamics of distortions under profit maximization is the impulse response
of an agent’s future types to her initial type. In the model under consideration here, agents’ private
information in each period is multidimensional. The period-t impulse response of the value uf‘jt
that agent i € N4 from side A assigns to agent j € Np from side B to the agent’s initial type

2TFor a sufficiently low §, these matching rules will also be optimal. See Section 7 for a discussion on the optimality

of the index rule for arbitrary capacity constraints.
28What remains true is that, if under profit-maximization matching stops after a finite number of periods, then the

number of interactions overall (i.e., summing over all periods ¢ > 1) is weakly greater under welfare-maximization.
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is here the match value e/,. Interestingly, notwithstanding the complexity brought in by the

ijt”
multidimensionality of the agents’ flow private information, the key insight in Pavan, Segal and

o
Toikka (2014) that the dynamics of distortions are driven by the dynamics of the impulse responses
extends to the matching environment under consideration here.

Finally, note that a familiar result in the mechanism design literature is the absence of distortions
"at the top of the distribution." In our environment, this result does not hold. In fact, distortions may
affect even those agents for whom the virtual values coincide with the true ones (i.e., ¢¥(8F) = o).
The reason is similar to the one discussed in Gomes and Pavan (2015). The allocations of these types

depend not only on their own virtual value, but also on the virtual values of their potential partners.

7 Arbitrary capacity constraints

Consider again the benchmark environment with observable match values. As discussed in Section 3,
under the assumptions of the experimentation model, when 1 < M < n4 - np, in general there is no
guarantee that, without further assumptions, x! maximizes dynamic virtual surplus. This is because,
in general, multiarmed bandit problems in which multiple arms can be activated simultaneously fail
to admit a simple index solution.

In this section, we introduce a condition for the experimentation environment for which x!
optimal for all M € N. This environment requires discreteness of agents’ types and values. While the
framework above assumed that types were continuous®’, it can easily be modified in the following
manner to allow for discrete types (again, for simplicity, we describe the adjustment on side A, with
the understanding that the same adjustment applies to side B).

Suppose that each agent i’s type from side A is drawn from a commonly known distribution
FA over a ﬁnlte set O = {04, ...,04}, with 65 > 0 for all [ € {1,...,L} and 65 < Hﬁﬂ. Denote

7

i = Pr( = 0%) and F zl = Pr(é?{4 <04 = Z% L fit. For each 03} € ©4, 1 € {1,..., L — 1}, denote

by n(03) = (1—F;')/ f; the inverse hazard rate of the distribution of agent i’s type In this discrete

environment, the definition of virtual types must be adjusted so that

¢%4(9u) ezl - (9 ) (91l+1 efll)v

and regularity amounts to requiring that the functions 77;4(0;?) ((91[ 11 93) be strictly decreas-
ing. Results analogous to those in Lemma 1 and Lemma 2 then apply to the above discrete-type
environment.3"

The approach below adapts arguments in Pandelis and Teneketzis (1999) to our dynamic matching

environment. For each pair of agents (i,j) € Ng X Np, consider the following auziliary process for

29Note that no such restriction was imposed on the match values.
30Certain adjustments are required for Lemma 1 and Lemma 2 when moving to a discrete type space. These

adjustments are similar to those that apply in the static case.
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the virtual surplus generated from matching this pair of agents, defined pathwise using the virtual

indexes according to3!
Kijtw, st, xt—l) = infsgt {%js(e: €s, :Bs—l)}

where the virtual indexes v, continue to be defined as in the previous sections. Note that each

stochastic process V,;; is nonincreasing in the sense that, with probability one, V,;;, <V, _;.

Next, suppose that the environment satisfies the following separability condition.
Definition 6 (separability) The environment is separable if, for any t > 1, any two pairs of agents,
(i,7), (i',5') € Nax N, any (0,¢",2""1) € O x E'x X1 if Vi (0, €', 2™ 1) > Vi (0, €', 2" 1) then
Viie(0,eh, 1) - (1= 6) > Vs (0, €', 27,

Vit il

We then have the following result:

Proposition 2 (separable environment) Suppose the environment is separable and that match
values are observable. For any M € N, there exists a payment rule ¢! such that the matching

mechanism (x!, ! ) in which the matching rule is a virtual index rule is profit maximizing.

As we show in the Appendix, the role of the separability condition is to guarantee that, in a
fictitious environment in which the reward processes are auxiliary ones, the optimal rule is myopic.
The proof then proceeds by observing that, given any rule x, dynamic virtual surplus when the
rewards are given by the auxiliary processes (that is, by V,;t) is greater than, or equal to, dynamic
virtual surplus, under the same rule, when the rewards are the ones in the primitive model (that
is, they are given by Vj;;). Furthermore, in the special case in which the rule is the virtual index
one, x!, as defined in the previous sections, dynamic virtual surplus in the two environments is the
same. The optimality of a virtual index rule for the primitive environment then follows from the
above properties along with the fact that the myopic rule for the fictitious environment implements
the same allocations as the virtual index rule for the primitive environment.

The following example, in which virtual surpluses follow deterministic decreasing processes, il-

lustrates how the virtual index rule may be suboptimal when separability is not satisfied.

Example 6 (separability) Suppose Ny = {1,2,3}, Ng = {1} and M = 2. Consider the following

processes of the virtual surpluses generated by each of the potential matches, as a function of the

31Such auxiliary process is also known as the lower envelope process (see Mandelbaum (1986)).
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number of previous interactions k:3?

k= 0 1 2 >3
Viik) 3 3 3 -1
Vou(k) 4 2 2 -1
Var(k) 5 1 1 -1

The virtual index rule (which is in this case myopic) first matches {(2,1),(3,1)}, followed by
{(1,1), (2,1}, {(1,1),(2,1)}, {(1,1),(3,1)} and {(3,1)}. Consider an alternative matching rule,
which matches pairs {(1,1),(3,1)}, followed by {(1,1),(2,1)}, {(1,1),(2,1)}, {(2,1),(3,1)} and
{(3,1)}. The difference in the corresponding profits is then 1 — 2§ + 63, which for § > é —-1
is negative. Thus, for all § > é — %, the virtual index rule is suboptimal. Clearly, separability is
violated for § > % — % For sufficiently low §, separability is satisfied, and the virtual index rule
becomes optimal. ]

We conclude this section by noting that while, to our knowledge, no optimal solutions are known
for the general multiarmed bandit problem in which multiple arms can be activated simultaneously,
there are several results pertaining to more restricted environments, as well as asymptotic results, of
potential interest to the matching problem studied in the present paper. For example, Bergemann
and Valimaki (2001) show that an index rule is optimal for the case of stationary multiarmed bandits,
in which there are countable infinitely many ex-ante identical arms (and approximately optimal in
the limit as the number of arms goes to infinity).

For the (more general) case of restless bandits, i.e., arms that evolve and yield rewards even
when they are not activated, under the infinite horizon average reward criterion, Weber and Weiss
(1990) provide conditions guaranteeing that an index policy that always pulls the M arms with
highest Whittle index is asymptotically optimal (see also Whittle (1988)). In the special case in
which passive arms are static and yield no reward, this index reduces to the Gittins index.

The above asymptotic results can be applied to the analysis of certain matching markets in which

the number of agents on each side is large.

8 Conclusions

This paper examines the dynamics of matching allocations in a mediated, many-to-many, two-sided
market in which agents’ preferences for potential partners evolve over time, either exogenously, or as

a function of previous interactions.

32 As in Example 4, one can easily construct an environment consistent with the assumptions of the experimentation

model that generates these processes.
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It first characterizes matching dynamics under profit-maximizing contracts when match values are
observable by the platform (equivalently, when each couple of agents jointly observes the evolution of
the payoffs of each of the two agents in the couple). It considers both the case in which the platform
may match any number of pairs, as well as the case in which it has limited matching capacity. It
then extends the characterization to an environment in which agents privately observe variations in
their valuations.

The properties of the profit-maximizing matching mechanism highlight the advantages of long-
term contractual relationships in the provision of matching services over time. The results are then
used to shed light on the inefficiencies associated with the private provision of matching services.

The framework is flexible enough to admit as special cases such environments in which learning
occurs immediately upon matching (that is, in which agents learn their valuation for a partner imme-
diately after the first interaction), as well as one-time interactions, in which agents enjoy interacting
at most once with each partner.

Many extensions seem interesting. For example, while certain results can be adapted to accom-
modate for the possibility that agents’ match values depend on the entire history of past interactions
(e.g., agents may care about their partners’ previous partners), extending the analysis to allow for
more general forms of correlation in agents’ preferences is challenging but worth exploring. In future
work, we also intend to extend the analysis to markets such as those for online sponsored search, in
which platforms may be unable to collect payments from one side of the market.

We conclude by noting that while matching dynamics in our model reflect changes in agents’
preferences for potential partners, another line of recent research explores matching dynamics gen-
erated by the stochastic arrival or departure of agents into and from the market (see, for example,
Akbarpour et al. 2014, Anderson et al. 2014, and Baccara et al. 2015). Combining the two lines of
research is expected to generate further insights pertaining to the dynamics of matching allocations

in various markets of interest.

Appendix

Proof of Lemma 1. Part (1). We want to show that if M =(x, 1) is incentive compatible, then

x satisfies average monotonicity (i.e., DF(6; ) is nondecreasing in 07, all I € N, k = A, B). Take
~ A
any pair of types 64,6,

107

€ @Z-A of agent i € N4 from side A (the arguments for all agents from side
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B is analogous). Incentive compatibility requires that

UABY) = BN [ $° 50 ST et (6,00, 1) Zétw 02,0%;, <)
t 1 JENB ]
- 00 i
z EA[X“&L. Z 5t Z 9 €ZJth]t 9 eéw t) - Z 6t'¢zt (0 efz, t)
=l jeNs t=0 ]
and
~ ~A o0 -
U{‘(@f) — A Zy Z Q?E%t)(i]t 9 Qéz, t ZétwA 9 6A )
_t:]- JENB ]
2 EA[XHG? Zét Z éfeétxmt HA eéw t) - Zétht(eA ‘91:127 t)
| t=1 jENp t=0 ]

Combining the two inequalities, we have that

(04 — 8, YDAO; x) < UAO) — UA®D]) < (07 — 6, ) DA ),

which can be satisfied only if DA (GA, X) is nondecreasing in GA
Next note that, for any 9 c 04, UA 6, o)

4:0;) is differentiable and Lipschitz continuous in 6

with derivative

QU (62 )

171

204

= DA x).

Standard envelope theorems (e.g., Milgrom and Segal, 2002), then imply that, if M =(x,) is
) is Lipschitz continuous with derivative a.e. equal to
Ui (6;")
dod

incentive compatible, then UiA(Q;-A

= D0 %).

This in turn implies that

0
UL 07) = U0 +/9A DA (y; x)dy,

Equivalently, the payment rule v must satisfy

oo
EANI6; [Z 5%{2(0,5'5)] = 0ADA04;x) — UA(BD) - / DA(y: y)dy.
t=0
Part (2). Let x be a feasible matching rule satisfying average monotonicity and such that
DF(0F;x) >0 for all | € Ny, k = A, B. Then take any payment rule 1 satisfying

EAI6] [Z(stzpft(@,gt)] = 0P D (07 %) — | Di(yix)dy

9
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for any 9;“ € 6;“, any | € N, k € {A, B}. Clearly, under the proposed payments, the expected payoff
of each agent | € N from side k = A, B is given by
k(pk o k
Upr(er) = D (y; X)dy
Lo4)
which is non-negative given that D;“ (Qk ;X) > 0 and that yx satisfies average monotonicity. Further-

more, under the proposed mechanism M =(x, 1),

k(pk o A .
v (Hl)z/ek Di'(y: x)dy = D (v x)dy + LD (3 x)dy
Z1 4] ]
~k ~k ~k &
> UFO;) + (0] — 6,)Dr(6,;x) = UF(67,6;)

7

where the inequality follows again from the fact that x satisfies average monotonicity. We conclude
that the mechanism M =(x, %) (a) is individually rational and incentive compatible and (b) gives

zero surplus to the lowest type of each agent (i.e., Ulk(Qf) =0,allle N, k=A,B). &

Proof of Theorem 1. As mentioned in the main text, the proof proceeds in three steps. The
first step uses the results in Lemma 1 to express the platform’s expected profits in terms of dynamic
virtual surplus, net of the sum of all lowest types’ expected payoff. More specifically, Lemma 2 below
establishes that if a matching rule x maximizes dynamic virtual surplus, gives the lowest type of
each agent a sufficiently high gross payoff, and satisfies average monotonicity, then there exists a
payment rule ¢ such that the pair (, ) constitutes a profit-maximizing matching mechanism. The
second step (Lemma 3 below) establishes that the myopic rule x™ and the virtual index rule x’
maximize dynamic virtual surplus in the two respective environments of Theorem 1. The the final
step (Lemma 4 below) establishes that x™ and x! satisfy average monotonicity.

Step 1. We start with the following result.

Lemma 2 (dynamic virtual surplus) Consider the environment with observable match values
described above. Let x¥' € X be any matching rule that mazimizes dynamic virtual surplus, as defined
in (5). Suppose that x¥ satisfies average monotonicity and that le(Qf,XP) >0, for alll € Ny,
k = A,B. Then there exists a payment rule ¥ such that the matching mechanism M :(XP,Q/)P)
constitutes a profit-mazimizing matching mechanism. Furthermore, ' is such that the participation

constraints of the lowest types hold with equality, i.e., Ulk(Qf) =0, foralll € N, k € {A, B}.

Proof of Lemma 2. Using Lemma 1, we have that, in any mechanism M = (x, ) that is incentive
compatible and individually rational for the agents, the NPV of the payments the platform receives

from each type 0;“ of agent | € Ny, k = A, B, is given by

o0 ek
BN [Eéwmet) — 0FDE(0F;x) — UF(8F) — / " DF(y; x)dy.
t=0 oF
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The law of iterated expectations along with integration by parts then implies that the platform’s

expected revenue is given by

oo
Z‘St Z Z MOl + 70l — cije) Xxije(0,6") | | — Z Z Urey). (11)
=0 i€EN4 jENE k=A,BIEN,
Now observe that the first term in (11) is dynamic virtual surplus, as defined in (5). Now let x*' € X
be any feasible matching rule that maximizes 5. Suppose that x satisfies average monotonicity
and that le(Qf,XP) >0, for all Il € Ny, k = A,B. Then Lemma 1 implies that there exists a
payment rule ¢¥ such that the matching mechanism M =(x,4%) (a) is individually rational and
incentive compatible and (b) gives zero surplus to the lowest type. That the mechanism M =(x, ")
constitutes a profit-maximizing mechanism then follows from the fact that the platform’s profits
under M =(x*,¢T) is given by

Z 5" Z Z 9A Jeie + ¢ (05 ) gt - Cijt) le';t(e’ e') (12)
=0 i€N4jeNp
whereas its profits under any other mechanism M = (x, ) that is incentive compatible and individ-
ually rational for the agents is given by (11). That the expression in (12) is larger than the one in
(11) follows from the fact that x© maximizes the first term in (11) along with the fact that individual
rationality requires that Ulk(Qf) >0allle N, k=A,B. 1

Step 2. The next lemma establishes that x™ and x! maximize (5) in the two respective environ-

ments of Theorem 1.

Lemma 3 (maximization of DVS) (1) Suppose match values evolve exogenously. Then the my-
opic rule x™ mazimizes (5). (2) Suppose the environment satisfies the assumptions of the experi-
mentation model defined above and that either M > na-npg or M = 1. Then the virtual index rule

x! mazimizes (5).

Proof of Lemma 3. Suppose match values evolve exogenously. That the myopic rule x”* maximizes
(5) follows from the fact that it maximizes the objective in (5) period by period and state by state.

Next, consider the experimentation environment defined in the model setup. The assumptions
on the evolution of the match values imply that the problem of maximizing (5) can be viewed as
a multiarmed bandit problem, with each arm corresponding to a potential match, and with the
reward obtained from activating each arm (i, ) when its state is (0 ,GJ , Ut, 5157 22;11 Tijs) given

by Vij(0; ,Gf ,E fjt, 5t). In order to endow the platform with the possibility of not matching any
pairs, define an additional arm that yields a reward V; = 0 in every period. For M = 1, that the
virtual index rule x! maximizes dynamic virtual surplus is then immediate (see, for example, Whittle

(1982)). When, instead, M > n4 - np, since the platform’s capacity constraint never binds, that x!
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maximizes dynamic virtual surplus follows from the fact that we can treat the problem as one of
solving n 4 - np separate two-armed bandit problems, one for each potential pair, with the rewards of
one arm corresponding to those from matching that pair and the ones for the other (safe) arm equal

to zero. A

Step 3. The final step in the proof of Theorem 1 consists in establishing that the myopic and the

virtual index rules satisfy average monotonicity.

Lemma 4 (consistency with average monotonicity) (1) Suppose match values evolve exoge-
nously. Then x™ satisfies average monotonicity. (2) Suppose the environment satisfies the assump-
tions of the experimentation model defined above and either M > na-ng or M = 1. Then x! satisfies

average monotonicity.

Proof of Lemma 4. Suppose that the environment satisfies the assumptions of the experimentation
model and that either M > ny -np or M = 1. Take an arbitrary agent i € N4 (the arguments for

any agent j € Np are analogous). Fix a profile of types for the other agents, 94, and consider an

)
increase in the report of agent 7 from 62 to 0,4, where 6,4 > 1. Denote by A[x']|67, 84, the process
over © x £ generated by combining x! with the distributions F over © and the kernels G, given the

reports (92, 04,) (similarly, for A[x']|0/4,64,). Then,

I 1A pA
EADC P05 Zét ST (o0 + 6P (0P)e8, — cnje) XL (054,04,

t=1  reNjs\{i} JENB

9/A GA

+BANROZ A N 6 N (00 ) + 67 (078 — cige) Xt (07,621,

I11pA A
> BSOS N 75t D D (@8O0l + 67 (07)er — cnje) X (0,04, €")

t=1 reNy\{i}jENp

A A >
+ BN 5t S (o 0N + 67 (07)eh — cije) X (07,04, ")

t=1 jENB
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and similarly

A A
IO 1S 5 ST S (6006, 1 080P)E, — o) (00,02, )

t=1 reNs\{i}jENB

o0

I11pA A
+E>\ ]|9 07 Z(st Z HA) th+¢ ( ) 5t_cijt) XZI]t(Q 9112, t)

= JENB

I’ A A >
> BSOS NN TS N N (S0 e + 67 (0725 — crie) xi42(057,6%, €Y

t=1 reNy\{i} JENB
It A A
+]E)\ X106 Zét Z (Z)A HA) l]t + (Zsj ( j ) 5t - Cijt) X?Iﬂ]t(elA 91317 t)
= JENB

where the inequalities follow from the fact that the rule x! maximizes dynamic virtual surplus, not
just in expectation but for any vector of reported types 6 € O.

Combining the two inequalities, we have that

I Y\ A
X076 Zat D (6O = 61 (0) e (07,04, €Y

t=1 ]GNB
A A
> B Zétz o107 — 0 01) (0,02, )
=1 jeNB

Equivalently, since the above holds for all 8%,

“;, using the fact that the match values are independent

of the initial types and that the initial types are independent across agents, we have that

(810 — o1 (07))) - (D0} xT) — D07 xT)) > 0.

Therefore, ¢:1(054) > ¢ (6') implies DA (044, x7) > DA(AA, x!). The assumption that virtual values
$7(-) are strictly increasing then gives the result.

The same argument shows that, when match values are exogenous, the rule x" satisfies average
monotonicity. In fact, since the process of match values is exogenous and the matching rule ™
is myopic, a similar argument applies for each period and given each state. That is, the average
monotonicity of x”* holds ex-post, and period-by-period. H

Combining the results in the above three lemma establishes the results in the theorem. Q.E.D.

Proof of Example 3. To see that, when OZA = é?, x! matches agents i and 5 at all ¢ > 1, note first
that x! is optimal (see Theorem 1). Since the virtual surplus from matching i and j is constant, if
x! matches i and j at any period, we can assume that it does so in period ¢ = 1. For sufficiently
small £, the dynamic virtual surplus in case ¢ and j are matched in period 1 becomes strictly smaller

than 2/(1 — 0), which is the dynamic virtual surplus obtained from matching ¢ and j’ for all ¢ > 1.
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Next, to see that ex-post monotonicity is violated, note that given a sequence of values & such
~A
that &2 5t = 100 for all ¢ whenever Tiji—1 = 1, Y00, & > reNg edEL(6;,04,,8h) = 2/(1 = §), and

Fal YNy € me(e 04,,8") =100 6/(1 — 8). The latter is greater for all § > 1/50. B

—1

Proof of Theorem 2. The proof is in two steps. Step 1 shows that, at any period t > 1,
irrespective of past reports, an agent who expects all other agents to report truthfully at present
and in future periods finds it optimal to remain in the mechanism and also report truthfully at
any period s > t, irrespective of the agent’s beliefs about the other agents’ types and values. Step
2 then completes the proof by showing that participating and reporting truthfully also at period
t = 0 is optimal for each agent who expects all other agents to report truthfully at all periods. The
proof below focuses on the experimentation model. The proof for the environment with exogenous

processes follows from the same arguments and hence is omitted.

Step 1. Given the nature of the mechanism (%, 1}1), it suffices to show that, at any ¢ > 1, and for
any (z, 04 ¢, 2'71), any agent | € N4 who expects all other agents to report truthfully at all s > ¢,
finds it optimal to stay in the mechanism and report (67, (/1)) truthfully in all periods s > t (as
usual, the arguments for any agent | € Np are analogous and hence omitted).

To see this, suppose that agent I’s true type and period-t match values are ((9;4, 5{2), and denote
by

X |2,08,04, et eA at=13(07y 2 A ¢
EANX 1200702 6,062y, (Ore%1) [th+1(z,6’t+1,€t+17$ )]

the expected marginal contribution of agent [ from period ¢ 4+ 1 onwards when, in period t, [ reports
(93, éf}) and then reports truthfully in all future periods (assuming all other agents report truthfully
in period ¢ and in all subsequent periods). The distribution ;\[5(]]]2,(9?,9_[,5{2, flt, t= (Glt,slt)
is here over O x £2! x X and coincides with the distribution X[S(I]|z,c9‘4,9‘fl,5£,5‘4lt, =1 when
(Hltvglt) (07, <1t)-

Using the one-stage-deviation principle, the fact that agents are asked to report their type in
each period ¢ > 1, and the fact that, under the proposed mechanism, after any history, each agent’s
continuation payoff (under truthtelling by all agents) coincides with the weighed contribution to

~A
virtual social welfare, we thus only need to show that, from any period-t report (6;,,27;) € O x &
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by agent [,

A_A I ApgA A _A i1 5 AL ApgA A _A i1
291 Elthljt(Zaolﬂg—lt7€lt75—ltax ) = Yy (20,02, €, 62, 27)

JENB
5zA I A
X 04,04 cA A A t
_‘_715 [ ]|Z l lelte 1tr® [th+1(z,9t+17€t+17x )]
o1 ()
A pA aA A 11 ~AT AA A LA A 1
> Z 91 El]txljt 2,001,000, 8, €0, 2 ) — by (2,0, 05, 8 €5y, )
JENB
02 SR N0 04 e oA 2t 00 ) [ A ¢
¢ ( )]E‘ LY== 10T ) "=t [th+1(379t+1,5t+1;33 ):|
1

That is, when agent 4 is guaranteed a continuation payoff (from period ¢ + 1 onward, after any
possibly history) equal to her expected marginal contribution to the weighted virtual surplus, then
it must be optimal for him to report truthfully in period ¢ when she intends to report truthfully in
all future periods. Note that the reason why the future payoff is scaled by z; A/ gzbl (zl ) is that, by
construction, the mechanism (%7, wl) provides an agent with true type gbl (zl )Hl /2t z{* a continuation
payoff equal to RﬁJrl(z O141,€t41,7"). Given that the agent’s true type is QZA, the agent needs to
discount the future payoff by z/*/¢i(z).

Now, from the construction in the main text, observe that the left hand side of the above inequality

can be rewritten in terms of the functions W; and Wtfl’A as follows

A
ol

o1 (=)

A A tfl —1,A A A _A t—1
Wt(z altve € €1y )_W ( ‘9lt79—lt751t75—lt’$ )

That is, agent I’s expected continuation payoff under truthtelling from period ¢ onward is equal to
her expected contribution to the total weighted virtual surplus, scaled by the weight constructed

based on his period-0 report. Thus we need to show that

A
z
A A At —1,A A A -1
¢ ( ) [Wt('z elt70 -1t T )_W ( Hltve—ltvgltvg—lt’x )}
i
A A AA At ~ATL S A A LA A 21
> Z 01 el Xl (2, 00, 0% 1t e 27—y (2,0, 0%, 807 e 2T
JENB
(52:‘4 I A —1.5A 2A
¢ (2t )E/\[ VIRt SO [Riti1(2, 0041, 6041,2")] - (13)
1 3
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. . . . ~A

Using (8), we can rewrite the period-t payment given the report (9“,8;%) as follows
SAL A A A A -1
Vi (2,00, 0%, €y ey, 07)

NALA T A A aA A 1 ZzA Ar, A pA A At
Zel 5lth1jt(Zaezue—ZtaEZtaE—zt,l’ )—7,4 Arlt('z?eltaH—Ztaeltve—ltax )

jENB l zl)
AAA T A A sA A -1
E 0 Eixii(z, 00,00 80 ey, 1)
ENB
A gA a4 A <1 A A aA At
¢ Z Z Vijt (Zveltae—ltagltag—lt)'X@'jt(zveltva—ltv‘fltag—ltax )
l Zl iEN4 jJENB
> 3 pA A A SIL—LA, A pA aA A1
Z Z Vijt (zaeltaefltasltagflt)'Xijt (Zvelwgflt?‘glt?gfltvx )
’LENAJENB
ZA A%z, 9] ghed a1 -1,A t
7&@ t) —lt’ 1= 1% [Wt+1 (Z,0t+175t+1,$)}
¢l (zz )
2] —LAY, 92 A 2A A -1 _IA
oA )5EA[X NeBue 0= B 200 [Wt+i (Z,0t+1,€t+1,l‘t)} (14)
1 \%

After rearranging, we have that
SAL A A A A -1
wlt (Z elta H—Zta Er €1t L )

~A
_ ~I A A _A t—1
= ¢ ( ) E E : th (Z eltae ltaglt’g lt) 'Xijt(zveltae—ltagltag—lwm )
! 1€EN4\{l}jENB

A
“ ¢J<')BB < A pA sA At
- ¢Z4(21A) Z 2B 0 €yt — Qg | - let(zveltv97It751t7571taxt )

jENB .7
ZA N&T 200,04, 20 A, ot =1 —1,A ¢
T SEAMX 16501458148 21T [Wt+i (Z,9t+1,8t+1,$)]
Cf’z (Zl )
I,A A A _A t—1
Wt ( Hltaefltagltaefltax )
¢z( )

Also note that

A _ SA
0% Rl i et 501 |

—t -t RA (2,0 € xt)]
A It+1\~> Vt+1, 41,
b (ZlA)
02 AR08 04, et A by 2t ~1,A
¢ E )E R [Wt+1(279t+175t+17$t) — Wi (2,001, 6041, 2Y)
1 (&
5zA
=5 (A )EA[X N0t 0% ettt O [Wet1(2, 041, €041, 2")]
1 (&
Szt MT112.00 gA 2A JA g1 LA
_ ¢A(;A)E x'1l2,6; , ZDEIE 40T [Wt-i-i (Z, 9t+175t+1,1’t)}
1 (&

where the last equality uses the fact that Wt;liA(z, 0111, 141, 7) is independent of agent I’s type and

values and the fact that the period-¢ decisions are invariant in agent I’s true type and values.
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Therefore, the right hand side of the inequality (13) is equivalent to

ZZ~ A pA A AN I A A A4 A -1
(Z) (Z ) ‘/ijt (Zv Hlta 9,”, 5lta571t) : Xijt(za Qltv Hfltvgltagflmm )
L\*l ) jeN, jeNp

(5zA I A t—1.pA 24
+ WEA[X JIE2 91 70—l’€lt»5—ltv 3(0145877) [Wt+1(z’ 9t+1a 41, :L“t)]
1 Zl
ZA LA A _A t—1
¢ ( )Wt (2, 6)ltae 1>l Epps T )
l
It therefore suffices to show that
ZzA A pA A A _t—1
¢A(ZA) Wt(z76lt70—lt75lt75—lt7x )
l 1
A

A -1
o ( ) Z Z th < 01t79 lt7€lt"€ lt) X@]t(z eltae ltvgltvg T )
1 & iEN4 jJENB

A ~A
Z I A —1. 2 A
+ — SEANK IO 02 it 22O 2) (W (2, 041, 011, 07))

1 (2")

This follows directly from the fact that the rule ¥’ maximizes (6).

The arguments above establish that the mechanism (%7, 1711) is periodic ex-post IC for all periods
t > 1. That it is also periodic IR follows from the fact that each agent’s continuation payoff coincides
with her expected marginal contribution to aggregate weighted virtual surplus (which is always non-

negative) scaled by the positive weight zF/¢F(2F).

Step 2. It remains to show that, when agent [ € Ny, from side k € { A, B} expects all other agents
to report truthfully at all periods, it is optimal for her to participate and report truthfully at ¢t = 0.
We first introduce the following notation. Denote by Ul (Zz ,Hk) the expected payoff for agent

1

T
[ € Ny, from side k under the mechanism (X', ) when her true type is Hf“ € OF, she reports zl € @f

in period 0, she plans to report truthfully at all periods ¢t > 1, and expects all other agents to report
truthfully at all periods. For example, when k = A, this is equal to

o0
~ I,k pk ~ —
UlA(zlA,Hf‘) = EAX0 Zét Z Gfsf}txl]jt(z,ﬂt,st,azt h
t=1 jeNg

—EAX I 0 Z(Stw (2,0, 0,21 |,

Then, for any agent [ € Ny from each side k € {A, B}, let

Y210 Yhen, Sl Xine (2 O, en, 2 | i k= A

kek

EA[tz
Dy (=, 07 %") =

We first show that %’ satisfies a monotonicity condition with respect to z{“ analogous to the average

monotonicity property in the environment with observable match values.
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Lemma 5 For alll € Ny, 0;“ € OF, k= A, B, the function Dl (zl ,Gl Y ) is mondecreasing in zf.

Proof of Lemma 5. Arguments similar to those in the proof of Lemma 4 imply that, for any
| € Ny, 0F € OF, zF 58 € OF, with 2F > 2F k= A, B,

k(zk k(zk
<¢l (:l) . ¢l2(;l)) .0;“. <D (2lk:9k;>~<l)_ (Zl ,Qk ~I)> > 0.

“l

Regularity implies that ¢ (3F)/2F > #F(2F)/2F, which, along with the fact that 6F > 0, in turn
implies that DF(2F, 0F; %1) > DF(2F,0F;%7). @

-7 I . .9 . .
Now fix the period-0 report zl Because the mechanism (%?,7") is periodic ex-post incentive
compatible from period ¢ = 1 onward, we have that the the payoff f]l (zl ,(91) that agent [ obtains
by reporting 2;“ in period ¢ = 0 and truthfully in all subsequent periods coincides with the value
function for the problem consisting in choosing a reporting strategy from period ¢t = 1 onwards, given
the period-0 report élk . Using arguments similar to those that establish Theorem 1 in Pavan, Segal,
and Toikka (2014), then permit us to establish that U/ (2, 6F) must satisfy the following envelope
condition .
~ ~ 61. ~
Uf (=, 07) = UF (21, 07) + " DF(e,y; %) dy. (15)
o2}
To see that it is optimal for agent [ to report truthfully at period ¢ = 0, then observe that for any

or, 2F € OF,

o7
Skok aky _ frk( ok Lk N
Uiz, 00) =U (2, 2]) + . Dy (2, y; X" )dy
2]

- or .
<O}k )+ [ Dy
Zl

o; .
=UPGD) + | Diyix")dy = UF(6F) = UF (67 67)
l
where the first equality follows from (15), the inequality follows from Lemma 4, and all remaining
equalities from the fact that, when the agent reports truthfully in all periods her payoff under (%7, &I)

I 4!) in the environment with observable values.

coincides with her payoff under (x
We conclude that reporting truthfully is optimal also in period zero. That participating is also
optimal follows from the fact that the agent’s expected payoff is the same as in the environment with
observable values.
The conclusions for the mechanism (x", &m) follow from the same arguments as those used above

for the mechanism (5([,171]). Q.E.D.

Proof of Proposition 1. First, observe that if agents bid truthfully in all periods then the resulting

allocation in the corresponding sequence of matching auctions in each of the environments coincides
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with the allocation of the respective optimal direct mechanism, as the score of each pair is equal
to the virtual surplus their match generates. Furthermore, note that any deviation that is feasible
in the sequence of scoring auctions is also feasible in the respective direct mechanism.?® Therefore,
by Theorem 2, it remains only to show that the period-t > 1 payments in the sequence of scoring
auctions coincide with those in the optimal direct mechanism (9) for each of the environments
(period-0 payments are the same by construction).

For the case of exogenous match values, the payment of agent [ € N4 given in (9) can be written

as

A n
4 = , _(Z)](j)eB oI ) t—1
Z Cljt B zl]t Xth(Za tEH T )

¢24(ZlA) j:l ]

~I—1A — ~ —
§ § V;]t z 9t,€t |:X7,Ijt b (z,@t,et,xt 1) 7X7,[jt(279ta€t7xt 1) )
"ot ( " e =3

as the agent has no dynamic externality. Similarly, in the experimentation model with M > n4-np,

I’s payment is

4 & 67 (=F) 5 p I 1
A A Z cijr = =507 | - Xije(2, 060,270,
¢l (zl )jzl Zj

as no other pairs are excluded as a result of I’s presence. In the experimentation model with M =1,

if [ is matched to an agent on side B, then his payment (9) reduces to,

A "B

B

z ?; (Z ) - _ - _

¢A(IZA) Z (Cljt — 7]39 5ljt> -Xlljt(z, 0,0, 271 + (1 — )W, Z’A(z, O, 60,271 |,
L\~ j=1 Zj

t—1

applying the observation that AR lz00.20.2 [Wt;liA(z, Orr1, 6041, 2")| = Wt_l’A(Z, 0r, 1,207 1). Oth-

erwise, [’s payment is 0. Payments for side-B agents can be expressed analogously.

The above payments clearly coincide with those in the respective sequential auctions.

Proof of Theorem 3. For each pair (i,7) € N4 x Np and realizations (0,e;) € © x &, let
A%

it (0,e) = 01eA, + 0P 55t — ¢;j+ denote the true social surplus from matching the pair in period ¢,

z]t

and define the index 'y% analogously to the virtual index defined in Section 3, with Vl}/‘t/ replacing

Vije, i.e.,

w t—1) _ A[x°)10.et,
Vijt (0,5,5,33 ) = mTaxE [x°]l0,et,

o1 [ D 00TV (0, )
Zs:t 63 ! '

33This is because, while agents make bids corresponding to their utility, uft, rather than their match values sfﬁ the

platform can recover these values by dividing the bids by the period-t membership choice 8%..
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Since match values are nonnegative, for each pair (i,j) € Ng x Np, any t > 1, any (0,&;) €
© x &, Viju(0,e1) < Vig‘t/(H,et). Furthermore, 7, (0,;,2'1) < 'y% (@,ét,:ﬁt_l) for any pair
(0,e0,281), (0,8, 7)) € © x & x X'~! such that

04,02, e e8> wig) = (07,07 6488, o)

Part 1. First, consider the case of exogenous processes. Because the capacity constraint is not
binding, in each period the profit-maximizing platform (alternatively, the planner) activates all links
for which virtual surplus (alternatively, the true surplus) is nonnegative. The above property, along
with the fact that V;;1(6,e;) < Vlgg(@,et) all (i,7) € NAa X N, t > 1, (0,2¢) € © x & then yields the
result.

Next, consider the experimentation model. Again, because the capacity constraint is not binding,
in each period the platform (alternatively, the planner) activates all links for which the virtual index
(alternatively, the true index) is nonnegative. The result is then proved by induction. To see
this, note that the property necessarily holds at ¢ = 1 given that ~,;; (0, e1, 20) < 7%(9,51@0) all
(i,7) € Na x N, where 2° denotes the common null history of past interactions. Suppose now the
property holds for all 1 < s < ¢. Any link that the platform activates at period ¢ has been activated
at each preceding period by both the planner and the platform. The result then follows from the
fact that for any (i,j) € N4 x Np that has been activated at all periods s < ¢ by both the planner
and the platform v;; < 'yfjvt Because Xf;t(G,et) = 1 implies 7;;; > 0, we then have that ’Y};/;/'t > 0.
That the welfare-maximizing policy for this environment is the index policy (with indexes v"V) then
gives the result.

Part 2. Consider first the case of exogenous processes. When M > n4-np the result follows from
Part 1. Thus consider the case in which M < n4 -np. The result then follows from the following
two properties: (a) the set of links with nonnegative virtual surplus is a subset of the set of links
with nonnegative true surplus, (b) the cardinality of the set of links selected in each period by the
profit-maximizing rule (alternatively, the welfare-maximizing rule) is the minimum between M and
the cardinality of the set of links with nonnegative virtual (alternatively, true) surplus.

Next, consider the experimentation model. When M > n4 - np, the result follows again from
Part 1. Thus consider the case in which M = 1. First observe that, under the profit-maximizing
rule, if at some period ¢t > 1, Xf;t(ﬁ,at) =0 all (i,j) € Ny x Np, then X{}S(H,st) =0all s >t all
(i,7) € No x Np. The same property holds for the welfare-maximizing rule x". Next, observe that
if matching stops at period ¢ under profit maximization (alternatively, welfare maximization), then
Vije <0 all (i,5) € Na x Np (alternatively, 7}y, < 0 all (i,5) € Na x Np).

Now suppose that, under profit maximization, matching is still active in period ¢ (meaning,
there exists (i,j) € N4 x Np such that, given the state (0,c!) generated by x in previous peri-
ods, XZt(H,st) = 1). Let (0,&") be the history generated by x* in previous periods. Then either
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S X}%(G,gs) =3 11XZJS(0,§S) all (i,7) € Ng X Np, in which case, for all (i,5) € Ny X Np,

t—1

t—1
A B 2 : _ B E G
(0 0] ’ zyt? zgt’ s=1 xijs) - (9 9] ’ mt? zgt? s—1 ngs)-

34 The result then follows from the fact that Yijt < 7% all (i,7) € Ng x Np, along with the index
structure of the optimal rules. Or, there exists (i,j) € N4 x Np such that Zs 1XZ]5(9758) <
S 11XZ]S(9 e®). In this case, there must exist 7 < ¢t such that XijT(Q,s ) =1 and

A 9B =B =W = A gB _A B 71
(91 70] ) z]t? ”t’zszl Xijs(evgs)) (01 ’9] ’ zgﬂraeijrv o= Xz]s(9 € ))

That the platform activated such link in period 7 in turn implies that fyijT(G,ET,xtfl) > 0. The
index properties described at the beginning of the proof then imply that y%(@,et,mt_l) > 0. This
last property in turn implies that matching is still active in period ¢ also under welfare maximization.
Q.E.D.

Proof of Proposition 2. The proof is in two steps. Step 1 shows that, under the separability
assumption, the myopic rule selecting in each period the pairs for which the auxiliary reward is the
highest among those for which the reward is nonnegative is optimal in the fictitious environment in
which the rewards are given by the auxiliary processes. Step 2 in turn uses certain properties relating
the auxiliary processes to the original ones to establish the result in the Proposition.

Step 1. Consider a fictitious environment in which, at any period ¢ > 1, any (6,f,2!71) €
O x & x X'~ the period-t reward of matching any pair of agents (i,j) € N4 x Np is given by the

auxiliary processes, that is, is equal to V., (0, ?,2'=1), as defined in the main text. Let

~ gt

Q.(0,¢, 271 (1,7) € No x Np s.t. (i) Kijt(e,gt,xtfl) > (0 and
78 733 =
=t (i) # {(I,m) € Nax Ng : V., (0,¢", ') > V,;,(0,¢', 2" 1)} < M

Next, let x™ denote the myopic matching rule linking at each period ¢ > 1 the pairs with the highest

nonnegative auxiliary reward, subject to the platform’s capacity constraint. That is,

X0 at ) =1 = (i) € Q0 a" ).

Furthermore,

(i,5) € Qb,8"a"), #Q,(0,¢",a'™1) < M, V;(0,",2'1) > 0
= X?;t(07€t7xtil) = 1.

Lemma 6 Consider a fictitious environment in which the rewards are given by the auxiliary processes

defined above. Suppose the separability condition of Definition 6 holds. Then the myopic rule X is

34This last property follows from assumption (iii) of the experimentation model.
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optimal for this environment (in the sense that it mazimizes the ex-ante expected discounted present

value of the rewards).

Proof of lemma 6. Suppose, towards a contradiction, that the claim is not true, meaning
that there exists a rule xy # x™ that dominates X" in terms of ex-ante expected discounted present
value of the auxiliary rewards. Because x # X", there must exists ¢ > 1 and a set of "states"
(0,et,2t71) € © x £ x X!71 of strictly positive probability under A[x] for which one of the following
two properties is true, for some (i, j) € Na x Np: (a) x;;4(0, ', 2'™1) = 1 and (i, 5) ¢ Qt(G,Et,xt_l),
or (b) (4,5) € Q,(0, gl zt=1) A #Q, (0, et~y < M A th(G,st,ajt_l) >0 and y,;,(0,¢", 2"1) = 0.

Consider first the situation corresponding to part (a) above. Because (i,5) ¢ Qt(ﬁ,at,xtfl),
either V;;,(0,&',2'1) < 0 or

#{(l,m) € Na x Np : V., (0,¢", 2" 1) > V5 (0,e" 2" 1)} > M.

In the first case, given that the auxiliary rewards are nonincreasing, it is immediate that the myopic
rule X", by leaving the pair (4, j) unmatched in period ¢, improves upon x. Thus consider the second
case. There must exist another pair (i/,5') € Na x Np such Vi, (0, ', 2'71) > V0 (0, 2'71) > 0
such that ;. (0, e, 2'=1) = 0. Because the environment satisfies the separability condition, this
implies V;1;iy > V,;5:/(1—6) (we are dropping here the arguments to ease the notation). Because the
auxiliary processes are nonincreasing, the entire stream of rewards that can be obtained by matching
(4,7) in period ¢ as well all in some of the subsequent periods is no larger than V. /(1 — ) which
is smaller than the flow reward that is obtained by matching (¢/, j') in period ¢. Hence, by favoring
(i',4") over (i, ) in period ¢, the myopic rule x™ again improves weakly over the rule x.

Finally, consider the situation corresponding to part (b) above and denote

Xt(evgtvxt_l) = {(lvm) € Nga X Np: let(agt:xt_l) = 1}

the set of period-t links under the rule x. If x,(0,ef,2'=1) C Qt(e,st,mt_l), which implies that
#x,(0,e',2t71) < M, then the myopic rule Xx™ improves upon x by adding to the latter a link
with a strictly positive reward. If, instead, x,(0,e’,2'™1) ¢ Q,(0, !, z'=1), then there exists a pair
(i',7") € x;(0,¢t, 2t and such that (i’ ') ¢ Q,(0, el a1 such Vi (0, €', a'1) < V(0,6 2.
Because V., (0, et 2t=1) > 0, the myopic rule, by activating (,j) and dropping (i, j') necessarily

Yije
Yijt
improves upon the rule y, contradicting the fact that x dominates x™. B

Step 2. Consider the following lemma, whose proof follows from results in Ishikida and Varaiya

(1994), expressed in terms of the matching environment under examination.

Lemma 7 (1) Under any matching policy x, the ex-ante expected discounted present value of the

rewards when the latter are given by the auziliary processes is weakly higher than ex-ante expected
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discounted present value of the rewards when the latter are given by the original processes (that is,
by V).

(2) For the virtual index rule X!, the ex-ante expected discounted present value of the rewards

when the latter are given by the auxiliary processes is the same as ex-ante expected discounted present

value of the rewards when the latter are given by the original processes.

The result in the proposition follows from the above two lemmas along with the fact that the

myopic policy selecting at each period ¢ > 1 the pairs with the highest nonnegative auxiliary rewards

implements the same matches as the virtual index rule x!. Q.E.D.

References

[1]

Akbarpour, M., Li, S., and Oveis Gharan, S. (2014), “Dynamic Matching Market Design,”

mimeo.

Anderson, R., Ashlagi, I., Gamarnik, D., and Kanoria, Y. (2014), “A Dynamic Model of Barter

Exchange,” mimeo.

Asker, J., and Cantillon, E. (2008), “Properties of Scoring Auctions, ” The RAND Journal of
Economics, 39, pp. 69-85.

Athey, S. and Ellison, G. (2011), “Position Auctions with Consumer Search, ” Quarterly Journal
of Economics, Vol. 126, pp. 12134€“1270.

Athey, S. and I. Segal (2013), “An Efficient Dynamic Mechanism,” Econometrica, 81(6), 2463
2485.

Baccara, M., S. Lee, and L. Yariv (2015): “Optimal Dynamic Matching,” mimeo

Baron, D. and D. Besanko (1984), “Regulation and Information in a Continuing Relationship,”

Information Economics and Policy, 1, 447-470.

Battaglini, M. (2005), “Long-Term Contracting with Markovian Consumers,” American Eco-
nomic Review, 95(3), 637-658.

Bedre-Defolie, O. and E. Calvano, (2013),“Pricing Payment Cards,” American Economic Jour-
nal: Microeconomics, Vol. 5(3), pp. 206-231.

Bergemann, D., and P. Strack (2015), “Dynamic Revenue Maximization: A Continuous Time

Approach,” Journal of Economic Theory, forthcoming.

48



[11]

[12]

Bergemann, D. and M. Said (2011), “Dynamic Auctions,” Wiley Encyclopedia of Operations

Research and Management Science.

Bergemann, D. and J. Viliméki (2001), “Stationary Multi-Choice Bandit Problems,” Journal
of Economic dynamics and Control, 25(10), 1585-1594.

Bergemann, D. and J. Viliméki (2008), “Bandit Problems,” New Palgrave Dictionary of Eco-

nomics, Durlauf and Blume eds.

Bergemann, D. and J. Viliméki (2010), “The Dynamic Pivot Mechanism,” Econometrica, 78(2),
T71-789.

Besanko, D. (1985), “Multiperiod Contracts Between Principal and Agent with Adverse Selec-
tion,” Economics Letters, 17, 33-37.

Bloch, F. and D. Cantala, (2014), “Dynamic Allocation of Objects to Queuing Agents: The

Discrete Model,” mimeo.
Board, S. (2007), “Selling Options,” Journal of Economic Theory 136, 324-340.

Board, S., (2009), “Monopoly Group Design with Peer Effects,” Theoretical Economics, Vol. 4,
89-125.

Borgers, T. (2015), “An Introduction to the Theory of Mechanism Design,” Oxford University
Press, Oxford.

Borgers, T., Cox, 1., Pesendorfer, M., and Petricek, V. (2013), “Equilibrium Bids in Sponsored
Search Auctions: Theory and Evidence,” American Economic Journal: Microeconomics, Vol. 5,

pp. 163-187.

Cabral L. (2011): “Dynamic Price Competition with Network Effects,” Review of Economic
Studies 78 (1): 83-111.

Che, Y.K. (1993): “Design Competition through Multi-Dimensional Auctions,” RAND Journal
of Economics Vol. 24, pp. 668-680.

Cremer, J. and R. P. McLean (1988), “Full Extraction of the Surplus in Bayesian and Dominant
Strategy Auctions,” Econometrica, 56(6), 1247-1257.

Courty, P. and H. Li (2000), “Sequential Screening,” Review of Economic Studies, 67, 697-717.

Damiano, E. and H. Li, (2007), “Price Discrimination and Efficient Matchin,” Economic Theory,
Vol. 30, pp. 243-263.

49



[38]

[39]

Damiano, E. and R. Lam, (2005), “Stability in dynamic matching markets,“Games and Eco-
nomic Behavior, 52(1):344€%53

Doepke, M and R.M. Townsend, (2006) “Dynamic Mechanism Design with Hidden Income and
Hidden Actions,” Journal of Economic Theory 126, 235 — 285

Doval, L. (2015), “A Theory of Stability in Dynamic Matching Markets,” mimeo.

Edelman, B., Ostrovsky, M., and Schwarz, M. (2007), “Internet Advertising and the Generalized
Second-Price Auction,” American FEconomic Review, Vol. 97, pp. 242-259.

Es6, P. and B. Szentes (2007), “Optimal Information Disclosure in Auctions and the Handicap
Auction,” Review of Economic Studies, 74(3), 705-731.

Es6, P. and B. Szentes (2013), “Dynamic Contracting with Adverse Selection: An Irrelevance
Result,” Mimeo, LSE and Oxford University.

Gershkov, A. and B. Moldovanu (2012), “Optimal Search, Learning and Implementa-
tion,” Journal of Economic Theory, 147(3) (2012): 881-909.

Gershkov, A. and B. Moldovanu (2014), “Dynamic Allocation and Pricing: A Mechanism Design
Approach,” MIT Press.

Gomes, R. (2014), “Optimal auction design in two-sided markets,” The RAND Journal of Eco-
nomics, 45: 2485€“272.

Gomes, R. and A. Pavan (2015), “Many-to-Many Matching and Price Discrimination,” Theo-

retical Economics, forthcoming.

Herbst, H., and Benjamin S., (2015), “Dynamic Formation of Teams: When Does Waiting for
Good Matches Pay Off?,” mimeo.

Ishikida, T., and Varaiya, P. (1994), “Multi-Armed Bandit Problem Revisited,” Journal of
Optimization Theory and Applications, 83(1), 113-154.

Johnson, T., (2013),“Matching Through Position Auctions,” Journal of Economic Theory, Vol.
148, 1700-1713.

Kakade, S., Lobel, 1., and H. Nazerzadeh (2011), “Optimal Dynamic Mechanism Design and
the Virtual Pivot Mechanism,” Operations Research, 61, 837n854.

Kapicka, M. (2013), “Efficient Allocations in Dynamic Private Information Economies with
Persistent Shocks: A First-Order Approach,” Review of Economic Studies, 80(3), 1027-1054.

50



Kurino, M. (2009) “Credibility, efficiency and stability: a theory of dynamic matching markets,”

Jena economic research papers, JENA,

Lee, R. (2013), “Vertical Integration and Exclusivity in Platform and Two-Sided Markets,”
American Economic Review, Vol. 103(7), pp. 2960-3000.

Leshno, J. (2015). “Dynamic matching in overloaded systems, ”mimeo.

Makris, M., and A. Pavan (2015), “Incentives for Endogeneous Types: Taxation under Learning

by Doing,” Discussion paper, Northwestern University.

Mandelbaum, A. (1986), “Discrete Multi-Armed Bandits and Multi-Parameter
Processes,” Probability Theory and Related Fields, 71(1), 129-147.

Milgrom, P. and I. Segal (2002), “Envelope Theorems for Arbitrary Choice Sets,” Econometrica,
70(2), 583-601.

Myerson, R. (1986): “Multistage Games With Communication,” Econometrica, 54 (2), 323-358.

Pandelis, D. G., and Teneketzis, D. (1999), “On the Optimality of the Gittins Index Rule
for Multi-Armed Bandits with Multiple Plays,” Mathematical Methods of Operations Research,
50(3), 449-461.

Pavan, A., I. Segal, and J. Toikka (2014), “Dynamic Mechanism Design: A Myersonian Ap-
proach,” Econometrica, 82, 601-653.

Rysman, M., (2009),“The Economics of Two-Sided Markets,” Journal of Economic Perspectives,
Vol. 23(3), pp. 125-143.

Schummer, J., (2015), “Influencing waiting lists. Technical report,” mimeo, Kellogg School of

Management.
Unver, U. (2010), “Dynamic Kidney Exchange,” Review of Economic Studies, 77, 372- 414.

Varian, H. (2007), “Position Auctions,” International Journal of Industrial Organization, Vol.
25, pp. 1163- 1178.

Weber, R. R., and Weiss, G. (1990), “On an Index Policy for Restless Bandits,” Journal of
Applied Probability, 637-648.

Weyl, G., (2010),“A Price Theory of Two-Sided Markets,” American Economic Review, Vol.
100(4), pp. 1642-72.

Whittle, P. (1982), “Optimization Over Time,” John Wiley & Sons, Inc..

o1



[57] Whittle, P. (1988), “Restless Bandits: Activity Allocation in a Changing World,” Journal of
applied probability, 287-298.

52



